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Chapter 1

Introduction

1.1 Historical background

The idea of noncommutativity first comes in physics via quantum mechanics where

the position and momentum variables x̂, p̂ satisfy the Heisenberg commutation relation

[x̂, p̂] = i~. A consequence is the uncertainty relation ∆x∆p ≥ ~
2
. So the concept of

point does not exist in quantum phase space, instead it is replaced by Planck cell. It

was von Neumann who first attempted to describe such a space by “pointless geom-

etry”. In this way Neumann algebra was formulated which leads to noncommutative

geometry for studying topological spaces whose commutative C∗-algebras of functions

are replaced by noncommutative algebras[1]. Here the notion of point is discarded and

space is understood in purely algebraic terms. The generalization of differential calcu-

lus in a noncommutative setting was also done by the mathematicians [2, 3]. Various

mathematical tools were further developed by Connes and his collaborators to define a

noncommutative Yang–Mills theory[4] and particle models[5].

In physical problems the concept of phase space noncommutativity was extended to

noncommutativity among coordinates by Heisenberg himself. In a letter to Peierls[6],

he proposed coordinate uncertainty relation as a solution to avoid the singularities of

the electron self energy. Later these ideas were used by Peierls in Landau level related

problem. Pauli also came to know this idea from Heisenberg and informed Oppenheimer

about it[7]. In 1947, Hartland Snyder, a student of Oppenheimer published the first

1



2 Chapter 1. Introduction

paper[8] on this subject. By a dimensional descent from five dimensions he obtained

a Lorentz invariant discrete space-time in which a natural unit of length exists. His

hope was that such a length scale may remove the infinities of field theory. In the same

year C. N. Yang generalized Snyder’s work in curved de Sitter space[9]. Although the

main stream interest was shifting from noncommutative physics due to the contemporary

success of renormalization theory, mathematicians were still working in this field. The

main source of inspiration came from the noncommutativity of quantum mechanics and

many ideas were borrowed from that.

In order to quantize a theory, Dirac gave a simple prescription of replacing the classical

variables by operators and Poisson bracket by commutator bracket (divided by i~). The

mapping between classical kernels which are c-number phase space function f(x, p) and

the corresponding operator f̂(x̂, p̂) with proper ordering was first given by Weyl[10]. As an

example, a polynomial function of x̂, p̂ is ordered in a completely symmetrized way which

is usually called the Weyl ordering prescription. The importance of the composition

rule of classical kernels in an operator product was first realized by von Neumann[11]

in a study of the uniqueness of the Schrödinger representation. Then Groenewold did

the necessary calculation[12] to obtain the composition rule of two operators f̂ and ĝ

corresponding to the classical kernels f and g and how it is related to fg. This was used

by Moyal to formulate the quantum mechanics in phase space[13].

In 1964, Mead in his paper[14] carefully analyzed many thought experiments to study

the effect of gravitation on measuring the position of a particle. He concluded that there

is always an error ∆x &
√
G where G is the gravitational constant in natural units. A

similar restriction also exists for the measurement of time interval. The result can be

understood heuristically by realizing that to get high resolution one needs high energy

photons but higher energy means high gravitational interaction and this will seriously

affect the spacetime.

Uncertainty relation, in quantum mechanics, comes as a consequence of the non van-

ishing commutator algebra which is an inbuilt kinematic structure of the theory. Hence

there were attempts to give a kinematical meaning to the position uncertainty described

by Mead. In Townsend’s paper[15] Planck length appears in gravity due to the noncom-

mutativity of the generators of translations. Maggiore extended the ideas[16, 17] to get a
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general noncommutative algebra where position-position bracket was nonzero. Doplicher,

Fredenhagen and Roberts developed a model of quantum spacetime[18, 19] which imply

uncertainty relations among different coordinates. They also gave some general ideas on

the definition of fields and their interactions over this space.

String theory which is supposed to describe quantum theory of gravity contains an

intrinsic length, the length of the string ls. Naturally it is not possible to probe a distance

smaller than ls. Detailed analysis based on high energy scattering amplitudes[20, 21, 22]

showed the existence of minimum length. Not only that, the techniques of noncommu-

tative geometry have been applied to rigorously study the duality symmetries of string

theory[23, 24]. Later it was shown that noncommutative geometry arises due to the

toroidal compactification of the matrix model[25]. In fact these matrix models lead to

noncommutative Yang-Mills theory as their effective field theory. Seiberg and Witten in

their seminal paper [26] extended the ideas of noncommutativity in string theory with a

nonzero B field. They showed an equivalence between ordinary gauge fields and noncom-

mutative gauge fields which is usually called the Seiberg–Witten map. Till now, this map

has been applied in various research areas from Hall effect, fluid dynamics, field theory

to gravity. Different types of noncommutative structures have also been studied without

referring to their commutative counterpart. A general overview of this broad subject may

be found in [27, 28, 29].

The simplest form of noncommutativity is the canonical noncommutativity where po-

sition position bracket is a constant. The algebra itself and field theories defined on such a

space are known to violate the Lorentz invariance. However, a deformed Poincaré symme-

try can be developed where the usual Poincaré algebra is satisfied but the generators have

a deformed coproduct rule[30, 31]. As a result, noncommutative field theory possesses

the symmetry under the deformed (Hopf) Poincaré algebra. Interesting consequences of

this deformed symmetry have been studied in [32, 33]. The issues regarding the parity

and time reversal symmetry have also gained attention in the literature[34, 35, 36].

Apart from the space-time symmetry, the gauge symmetries of a noncommutative

field theory is also an important topic. The study, without the use of Seiberg-Witten

map, was initiated by [35]. A noncommutative version of the standard model was also

developed[37, 38]. Noncommutative gauge theory has also been studied using the Seiberg–



4 Chapter 1. Introduction

Witten map[39, 40, 41, 42].

Recently an interesting study was done in the literature[43, 44] by twisting the co-

product rule of both the Poincaré generators and gauge generators. The result obtained

was quite remarkable: the noncommutative theory turned out to be invariant under the

commutative space gauge transformations. The issue, whether this twisted gauge invari-

ance is a real physical symmetry or not has been discussed later[45, 46]. Gravity, which

is also a gauge theory, has been formulated over noncommutative spacetime. There are

different approaches, in[47] the theory was constructed by gauging the noncommutative

ISO(3, 1) group using the Seiberg–Witten map, but there are also constructions based

on a deformed Poincaré algebra[48]. A different approach was followed in [49] where

noncommutative gravity was obtained from string theory in the Seiberg–Witten limit.

1.2 Structure of the thesis

This thesis, based on the work [50, 51, 52, 53, 54, 55, 56] , is devoted to study different

aspects of quantum mechanics, field theory and gravity on noncommutative spaces. We

give particular emphasis on the symmetry properties (both spacetime and gauge) of

noncommutative theories. The outline of our thesis is as follows

In chapter 2, we discuss the noncommutative algebra of the generalized Landau prob-

lem where a charged particle is subjected to a quadratic potential with a perpendicular

constant magnetic field. This is done by two approaches. In the first method we use the

Batalin–Tyutin embedding technique to reveal the noncommutative structures. Different

types of noncommutativity follow from different gauge choices. In the other approach,

the model is mapped to a chiral oscillator problem. Both methods establish a duality

among the noncommutativity of coordinates and the noncommutativity of momenta.

The gravitational well problem on a noncommutative phase space has been discussed

in chapter 3. We use the WKB approximation to study the effect of noncommutativity

analytically. Comparison with recent experimental data with cold neutrons at Grenoble

imposes an upper bound on the noncommutative parameter.

One feature of noncommutative algebra is that it violates the usual spacetime symme-

tries. For example, in the canonical noncommutativity translatioal symmetry is obeyed



1.2. Structure of the thesis 5

but the Lorentz symmetry is violated. In the Snyder algebra situation is quite opposite–

Lorentz symmetry is restored but the translational symmetry is lost. These symmetry

related issues are addressed in chapter 4. Schrödinger generators which consist of the

Galilean generators and the nonrelativistic version of two conformal generators do not

satisfy the standard algebra on the canonical noncommutative space. Following an al-

gebraic approach, we construct the deformed generators which satisfy the usual commu-

tative space algebra. Then a dynamical model is constructed whose symplectic analysis

gives the canonical noncommutative algebra. Using the Nöther’s theorem we obtain the

same deformed generators from this model. This shows the consistency of two approaches.

Similar analysis is also performed for the Snyder type noncommutativity to obtain the

deformed Poincaré-conformal generators.

In the next chapter, we discuss the gauge symmetries of the noncommutative Yang–

Mills theory in a Lagrangian framework. By abstracting a connection between gauge

symmetry and gauge identity, we analyze star (deformed) gauge transformations with

usual Leibniz rule as well as undeformed gauge transformations with a twisted Leibniz

rule. Explicit structures of the Lagrangian gauge generators in either case are computed.

We show that, in the former case, the relation mapping the generator with the gauge

identity is a star deformation of the commutative space result. In the latter case, on the

other hand, this result gets twisted to yield the desired map.

Hamiltonian analysis of the same noncommutative gauge theory is studied in chapter

6. Both types of gauge transformations are considered. Using the constraint analysis we

show that the structure of the Hamiltonian gauge generator is identical in either case.

The difference comes in the computation of the graded Poisson brackets to get the gauge

transformations of the fields. The analysis for the undeformed gauge transformations

provides a novel interpretation of the twisted coproduct rule. We find that it is same as

the normal coproduct with the stipulation that the gauge parameter is taken outside the

star operation at the end of the computations.

In chapter 7, we discuss general relativity over a Lie algebra valued noncommutative

spacetime. We follow the minimal (unimodular) formulation where the physical symme-

tries are manifest. Gauging the Poincaré group, we exploit the Seiberg – Witten map

technique to formulate the theory as a perturbative Lagrangian theory. Detailed expres-
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sions of the Seiberg – Witten maps for the gauge parameters, gauge potentials and the

field strengths have been worked out. We find a remarkable result that the first order cor-

rection of the noncommutative gravity action is zero, exactly as is the case for canonical

noncommutativity. Finally, we end up with conclusions in chapter 8.



Chapter 2

Generalized Landau problem and

phase space noncommutativity

In order to study noncommutativity in quantum mechanics, Landau problem is a stan-

dard model where a charged particle moving on a plane is subjected to a constant mag-

netic field in the perpendicular direction. Usually people study it by introducing non-

commuting coordinates by hand or by introducing noncommuting momenta due to the

peculiar structure of canonical momenta which depends on the magnetic field. Both

theoretical[57, 58, 59, 60, 61, 62] and phenomenological[63, 64, 65, 66] studies have been

done to reveal various interesting points of this problem. However in this chapter we

take a generalized version of the Landau problem where an additional quadratic poten-

tial is present together with the usual constant magnetic field. Here noncommutativity is

not introduced by hand; rather it is a consequence of the modified symplectic structure.

We follow two methods, first the Batalin–Tyutin[67] embedding approach and next, the

doublet splitting [68] method to analyze the noncommutative structure of this problem.

We treat the generalized problem as a constrained Hamiltonian system for which a first

order formulation is most natural. In this formulation the number of variables is doubled;

moreover second class constraints occur. The Poisson brackets therefore get replaced by

the Dirac brackets[69] which are finally elevated to the level of commutators. The Dirac

brackets among both sets of dynamical variables lead to noncommuting structures.

Next, we embed this second class system in an extended space by introducing new

pairs of canonical variables such that the original system is converted into a first class

7
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one. This embedded system is therefore considered as a true gauge theory. By choosing

the unitary gauge which amounts to setting the new variables to zero, the original second

class system is recovered. We then discuss two particular gauge choices in some details.

These choices are done such that, in either case, the two sets of dynamical variables can be

regarded as coordinates and their conjugate momenta. However one gauge choice leads

to commuting coordinates but noncommuting momenta while the other choice yields

commuting momenta but noncommuting coordinates. Since these distinct structures

follow from the same master gauge theory, a duality is established between them.

This type of duality between different noncommutative structures is further confirmed

by doublet splitting where a general mapping between the variables of generalized Landau

problem and the variables of chiral oscillators is established. Instead of giving a theory

on quantum mechanical representation[70] we stress on the dual nature of noncommuting

Poisson brackets and Lagrangian framework.

2.1 The model: generalized Landau problem

The classical equations of motion for an electron1 moving in the x1− x2 plane under the

influence of a constant perpendicular magnetic field B are,

mẍi = Bεijẋj. (2.1)

The above equations of motion follow from the Lagrangian,

L =
m

2
ẋ2

i +
1

2
Bεijxiẋj. (2.2)

The canonical momentum

pi =
∂L

∂ẋi

= mẋi −
1

2
Bεijxj (2.3)

is clearly different from the kinematic momentum mẋi by a term proportional to the

magnetic field. This leads to the canonical Hamiltonian

H =
π2

i

2m
=

1

2m

(
pi +

1

2
Bεijxj

)2

. (2.4)

1We have rationalized e = c = 1.
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Now we generalize the Landau problem by introducing an oscillating potential with spring

constant k in the x1 − x2 plane. The equations of motion are

mẍi −Bεijẋj + kxi = 0. (2.5)

It is convenient to express the second order system in its first order form. Furthermore

following ’t Hooft[71, 72, 73], let the equations of motion of a system q̇i = {qi, H} = fi(q),

be a function of position alone. Then denoting pi as the conjugate momenta, we note that

the Hamiltonian H = Σipifi(q) does not have a lower bound. A positive-definite function

ρ, considered as the physical Hamiltonian, can be constructed such that {ρ,H} = 0. But

this change from the original (unbounded) Hamiltonian H to the bounded positive (semi)

definite Hamiltonian ρ leads to a modified algebra that can be obtained as follows[68]:

q̇i = {qi, ρ} = {qi, qj}∂jρ(q). (2.6)

To reproduce the original set of equations of motion, obviously one should take

{qi, qj}∂jρ(q) = fi(q), (2.7)

leading to a nontrivial algebra of qi, eventually leading to noncommuting structures.

Now the noncommutativity of the generalized Landau problem appears by writing

the second order system into a pair of first order equations by doubling the degrees of

freedom[68]. Consider the pair of first order equations

ẋi = αqi + βεijxj (2.8)

q̇i = ωxi + λεijqj (2.9)

which lead to the Landau type equations in both xi and qi[68],

r̈i = (β + λ)εij ṙj + (βλ+ αω)ri, ri = xi, qi. (2.10)

By identifying,

B

m
= (β + λ) (2.11)

and
k

m
= −(βλ+ αω) (2.12)
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(2.10) is regarded as a generic version of (2.5). A Hamiltonian is now constructed[68, 71],

H = (αqi + βεijxj)π
x
i + (ωxi + λεijqj)π

q
i (2.13)

where (xi, π
x
i ) and (qi, π

q
i ) are canonical pairs. The equations of motion ṙi = {ri, H} just

yield (2.8) and (2.9). As usual, this H is not bounded from below. A positive definite

ρ, commuting with H, has to be obtained. This ρ gets identified with the physical

Hamiltonian[68, 71, 72, 73]. A natural choice satisfying {ρ,H} = 0 is

ρ =
q2

2m
+

1

2
kx2, q2 = q2

i and x2 = x2
i (2.14)

where

α = − ω

km
. (2.15)

The corresponding algebra is

{xi, xj} =
β

k
εij, {xi, qj} = −ω

k
δij, {qi, qj} = mλεij. (2.16)

This algebra leads to noncommuting structures for both xi and qi so that the equations of

motion (2.8) and (2.9) can be reproduced from ṙi = {ri, ρ}, ri = xi, qi. Now we are in a

position to construct the Lagrangian for this generalized Landau problem. The physical

concept behind this construction is given in [74].

First a Λ matrix is constructed from the basic brackets (2.16)

Λij = [{Γi,Γj}] ,Γ = (x, q)

=

 β
k
εij −ω

k
δij

ω
k
δij mλεij

 (2.17)

Its inverse is

Λij =
k

ω2 −mkβλ

mkλεij ωδij

−ωδij βεij

 . (2.18)

Using (2.15) and (2.12) we show

ω2 −mkβλ = k2. (2.19)
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to write (2.18) as

Λij =
1

k

mkλεij ωδij

−ωδij βεij

 . (2.20)

The Lagrangian is therefore[68],

L =
1

2
ΓiΛ

ijΓ̇j − ρ(Γ) (2.21)

=
1

2k
(mkλεijxiẋj + βεijqiq̇j + ωxiq̇i − ωqiẋi)− (

1

2m
q2
i +

k

2
x2

i ). (2.22)

We get the following equations of motion from the above Lagrangian

mλẋi −
ω

k
εij q̇j + kεijxj = 0 (2.23)

β

k
q̇i +

ω

k
εijẋj +

1

m
εijqj = 0. (2.24)

These are compatible with (2.8) and (2.9) under the conditions (2.15,2.19). Since (2.8)

and (2.9) reproduced (2.10), the system described by the Lagrangian (2.22) and that

described by (2.10) are same. Of course both the variables xi and qi satisfy the same

equation of motion (2.10) and hence there is a symmetry between them.

2.2 Noncommutativity from Batalin–Tyutin frame-

work

According to Dirac’s[69] analysis of constrained systems, the constraints with weakly

vanishing Poisson’s bracket are called first class constraints (FCC), others are called

second class constraints (SCC). The FCC constraints induce gauge invariance in the

theory whereas Dirac brackets are consequences of the SCC.

In the Batalin–Tyutin formalism, new auxiliary variables are introduced in the system

containing SCC in such a way that the original SCC can be modified to a set of FCC.

Also, the original Hamiltonian has to be altered appropriately to make the resulting

system gauge invariant.
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The canonical momenta corresponding to the coordinates xi and qi for the Lagrangian

(2.22) are given by,

πx
i =

∂L

∂ẋi

= − 1

2k
(mkλεijxj + ωqi) (2.25)

πq
i =

∂L

∂q̇i
= − 1

2k
(βεijqj − ωxi). (2.26)

Thus they form the constraints:

Ω1
i = πx

i +
1

2k
(mkλεijxj + ωqi) ≈ 0 (2.27)

Ω2
i = πq

i +
1

2k
(βεijqj − ωxi) ≈ 0. (2.28)

The commutator matrix for the above constraints is given by

ΩXY
ij = {ΩX

i ,Ω
Y
j };X, Y = 1, 2 (2.29)

=
1

k

mkλεij ωδij

−ωδij βεij

 . (2.30)

Since the constraint matrix is nonsingular, inverse of (2.30) exists. It is given by,

Ω
(−1)XY
ij =

 β
k
εij −ω

k
δij

ω
k
δij mλεij

 . (2.31)

According to Dirac’s classification[69] (2.27) and (2.28) are second class constraints. The

Dirac brackets defined by,

{f, g}DB = {f, g} − {f,ΩX
i }Ω

(−1)XY
ij {ΩY

j , g} (2.32)

gives the algebra

{xi, xj}DB =
β

k
εij, {xi, qj}DB = −ω

k
δij, {qi, qj}DB = mλεij (2.33)

which reproduces (2.16). This algebra shows a more general type of noncommutativity

than that of [75] where momenta-momenta bracket is zero.

In order to convert the second class constraints (2.27) and (2.28) into first class con-

straints a canonical set of auxiliary variables is introduced

{φX
i , φ

Y
j } = εXY δij; X, Y = 1, 2. (2.34)
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Now we define the following constraints

Ψ1
i = Ω1

i + A(φ1
i + εijφ

2
j) (2.35)

Ψ2
i = Ω2

i + Cφ2
i +Dεijφ

1
j (2.36)

with

A =

(
mλ

2

)1/2

, C =

(
1

2mλ

)1/2 (
1− ω

k

)
, D =

(
1

2mλ

)1/2 (
1 +

ω

k

)
(2.37)

so that the algebra of the constraints (2.35) and (2.36) is strongly involutive ({ΨX
i ,Ψ

Y
j } =

0). Hence the constraints are first class. Also note that A(C +D) = 1.

To obtain the first class Hamiltonian we begin by constructing the improved variables[75,

76, 77]. Improved variables are first class counterparts of the original variables xi and qi.

These are given by

x̃1 = x1 + Cφ2
1 −Dφ1

2, x̃2 = x2 +Dφ1
1 + Cφ2

2

q̃1 = q1 + A(φ2
2 − φ1

1), q̃2 = q2 − A(φ1
2 + φ2

1)

where A,C and D are given by (2.37). One can easily check

{r̃i,Ψ
X
i } = 0; r̃i = x̃i, q̃i (2.38)

so that they are first class indeed. They satisfy the algebra

{x̃i, x̃j} =
β

k
εij, {x̃i, q̃j} = −ω

k
δij, {q̃i, q̃j} = mλεij (2.39)

which mimics (2.33) and is a consequence of a general theorem[67] which states that

{Ã, B̃} = ˜{A,B}DB.

Any function of the phase space variables can be made first class by the following

transformation

F (x, q) → F̃ (x̃q̃) = F (x, q)|x=x̃,q=q̃ . (2.40)

Hence the first class Hamiltonian is given by,

H̃ =
1

2m
q̃i

2 +
k

2
x̃i

2. (2.41)
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It is interesting to note that the equations of motion are form invariant i. e. improved

variables satisfy the same equations of motion (2.8) and (2.9). This is just a result of the

form invariance of the Hamiltonian and the algebra among the basic variables.

In the enlarged space different gauge conditions can be chosen to show the different

types of noncommutative structures. For example in the unitary gauge

Ψ3
i = φ1

i ≈ 0, Ψ4
i = φ2

i ≈ 0 (2.42)

we get back the original physical subspace with the algebra (2.33).

Next, we choose gauge condition such that {xi, qj}DB = δij in which case these vari-

ables may be regarded as canonical pairs. In one gauge we obtain noncommuting mo-

menta while in the other, noncommuting coordinates are found. Let us choose the gauge

conditions,

Ψ3
i = sxi + qi − Aφ1

i + A
√
D/Cεijφ

1
j − A

√
C/Dφ2

i + Aεijφ
2
j ≈ 0 (2.43)

Ψ4
i = xi + (l/2A+

√
CD)φ1

i −Dεijφ
1
j

+ Cφ2
i + (l/2A−

√
CD)εijφ

2
j + lεijxj ≈ 0 (2.44)

where A,C and D are given by the expressions (2.37) and

l =

√
−mβ
kλ

(
ω

kλ
−
√
− m

λB

)−1

(2.45)

s = −

√
kB

β
−

√
−mkλ

β
. (2.46)

For this choice we get the Dirac algebra

{xi, xj}DB = 0, {xi, qj}DB = δij, {qi, qj}DB = Bεij. (2.47)

which is the standard commutative Landau model algebra where the bracket among the

momenta gives the magnetic field.

Alternatively, we choose the following gauge constraints

Ψ3
i = qi − Aφ1

i − (A
√
D/C + l/2C)εijφ

1
j

+ (A
√
C/D − l/2D)φ2

i + Aεijφ
2
j + lεijqj ≈ 0 (2.48)

Ψ4
i = vxi + qi − v

√
CDφ1

i −Dvεijφ
1
j + Cvφ2

i + v
√
CDεijφ

2
j ≈ 0 (2.49)
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with the following values of the coefficients,

v =

(√
− β

mkλ
+

√
B

m2kλ

)−1

(2.50)

l =

√
−mβλ

k

(√
−mβ
B

− 1

)−1

(2.51)

to get the algebra

{xi, xj}DB =
B

km
εij, {xi, qj}DB = δij, {qi, qj}DB = 0. (2.52)

This is the noncommutative Landau model with usual momenta algebra. We thus con-

clude that the standard (commutative) and noncommutative Landau models are dual

aspects of the same parent model.

2.3 Alternative approach based on doublet structure

The original model (2.22) has two sets of variables. It is possible to express this by a

doublet of models with an appropriate separation of variables. This doublet structure

is basically the soldering formalism discussed in various papers [78, 79]. Consider the

Lagrangians

L+ = −1

2
εijziżj −

ω+

2
z2

i (2.53)

L− =
1

2
εijyiẏj −

ω−
2
y2

i (2.54)

with positive ω+ and ω−. They represent the motion of one dimensional (chiral) oscillators

rotating in the clockwise and anticlockwise directions. Suitable combination of these

chiral oscillators leads to a two-dimensional oscillator which has been studied in [80] in

the context of Zeeman effect. Here our motivation is to define two variables xi and qi

from the chiral oscillator variables yi and zi in such a way that xi and qi satisfy the correct

equations of motion and algebras of the generalized Landau problem.

The equations of motion following from (2.53) and (2.54) are

żi = ω+εijzj (2.55)

ẏi = −ω−εijyj (2.56)



16 Chapter 2. Generalized Landau problem and phase space noncommutativity

To illustrate ’t Hooft’s mechanism[68, 71, 72, 73] we start from (2.55). The Hamilto-

nian which gives the equation of motion (2.55) is

H = (ω+εijzj)pi. (2.57)

This can be checked easily using the equation of motion żi = {zi, H}. Since this Hamil-

tonian has no lower bound we take a physical Hamiltonian ρ+ which commutes with

H.

ρ+ =
ω+

2
z2

i . (2.58)

To reproduce (2.55) basic algebras should be taken as

{zi, zj} = εij (2.59)

so that

żi = {zi, ρ+} = ω+εijzj. (2.60)

leads to the correct equation of motion. Same calculation for the other equation of motion

(2.56) gives the physical Hamiltonian

ρ− =
ω−
2
y2

i . (2.61)

and the algebra

{yi, yj} = −εij (2.62)

Now in order to calculate the Lagrangian from the relation (2.21), we construct the

Λ matrix for (2.59)

Λij = {zi, zj} = εij

and its inverse is

Λij = −εij.

So the Lagrangian is

L+ =
1

2
ziΛ

ij żj −
ω+

2
z2

i

= −1

2
εijziżj −

ω+

2
z2

i . (2.63)

which is our initial expression for chiral oscillator Lagrangian (2.53).
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2.3.1 Mapping between the equations of motion

We make an ansatz

xi = azi + bεijzj + cyi + dεijyj. (2.64)

Now using (2.8), (2.55) and (2.56) one can write qi in terms of yi and zi

qi =
1

α
(β − ω+)(bzi − aεijzj) +

1

α
(β + ω−)(dyi − cεijyj). (2.65)

Taking the time derivative of the above equation and using (2.55) and (2.56) we get,

q̇i =
ω+

α
(β − ω+)(azi + bεijzj)−

ω−
α

(β + ω−)(cyi + dεijyj). (2.66)

Again using (2.64) and (2.65) in (2.9) we obtain

q̇i = azi{ω+
λ

α
(β−ω+)}+bεijzj{ω+

λ

α
(β−ω+)}+cyi{ω+

λ

α
(β+ω−)}+dεijyj{ω+

λ

α
(β+ω−)}.

(2.67)

So consistency between (2.66) and (2.67) demands

β = −λ+ (ω+ − ω−) (2.68)

ω =
1

α
(λ+ ω−)(λ− ω+). (2.69)

From the above two equations, using (2.11), (2.12) and (2.15) we can show

B = m(ω+ − ω−), k = mω+ω−. (2.70)

This important result shows that magnetic field appears as the difference whereas the

spring constant is a product of the chiral frequencies.

2.3.2 Mapping between the algebra

Using the definitions of xi and qi from (2.64) and (2.65) we get

{xi, xj} = (a2 + b2 − c2 − d2)εij =
β

k
εij (2.71)

{qi, qj} =
1

α2
{(β − ω+)2(a2 + b2)− (β + ω−)2(c2 + d2)}εij = mλεij (2.72)

{xi, qj} =
1

α
{−(β − ω+)(a2 + b2) + (β + ω−)(c2 + d2)}δij = −ω

k
δij (2.73)
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where we have used (2.59,2.62) and consistency with the algebra (2.16).

The above three equations are not independent. From the last two equations, using

(2.68) and (2.69) one can obtain the following relations

a2 + b2 =
ω+(ω+ − λ)

k(ω+ + ω−)
, c2 + d2 =

ω−(ω− + λ)

k(ω+ + ω−)
. (2.74)

These pair of equations give the expressions so that variables of the generalized Landau

problem can be defined in terms of the chiral variables with the help of (2.64) and (2.65).

The interesting point is that the coefficients a, b, c and d are not completely determined.

Different choices subject to (2.74) can be made which exactly reproduce the results for

different gauge fixings.

2.4 Special cases

We note that (2.11), (2.12) and (2.15) already give severe restrictions on the parameters

α, β, ω and λ. In order to give them specific values we set ω = −k so that {xi, qj} = δij.

Now (2.15) implies that this choice of ω fixes the value of α as α = 1
m

. Using these values

of ω and α we get βλ = 0 from (2.12). That means either β or λ is zero. In the following

two subsections these situations are studied separately.

2.4.1 Case 1

We consider β = 0 first. Then from (2.11) λ = B
m

. Let us now collect the special values

of the parameters mentioned so far

α =
1

m
, β = 0, ω = −k, λ =

B

m
(2.75)

For the parameters (2.75), the basic brackets following from (2.16) are given by,

{xi, xj} = 0, {xi, qj} = δij, {qi, qj} = Bεij. (2.76)

This structure is same as (2.47) and corresponds to the conventional Landau algebra.
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Now to find the connection with the chiral oscillator problem, we take (2.68) and

(2.74). From (2.68) we can choose either β or λ independently. We make the choice

β = 0. This implies that λ is fixed by the relation,

λ = ω+ − ω−. (2.77)

Using the above equation we get from (2.74),

a2 + b2 = c2 + d2 =
ω+ω−

k(ω+ + ω−)
. (2.78)

Again as mentioned earlier a, b, c and d are not uniquely determined by (2.78). Different

choices can be made. One can take the symmetrical combination where a, b, c and d are

all equal. But to proceed further we make the following asymmetrical choice

b = d = 0 and (2.79)

a = c =

(
ω+ω−

k(ω+ + ω−)

)1/2

= χ(say)

so that (2.64) and (2.65) imply

xi = χ(zi + yi) (2.80)

qi = mχεij(ω+zj − ω−yj). (2.81)

Now using (2.59,2.62) the basic brackets are easy to calculate

{xi, xj} = 0 (2.82)

{xi, qj} =
mω+ω−

k
δij (2.83)

{qi, qj} =
mω+ω−

k
m(ω+ − ω−)εij. (2.84)

This algebra is compatible with (2.76) under the identifications (2.70). Thus we see,

transforming our second order system to a first order one by introducing an additional

variable, noncommutativity is naturally induced. Again this result is reproduced by

superposition of two chiral oscillators, which are also first order systems. Since the

difference in the chiral frequencies is proportional to the magnetic field the connection of

two approaches gets established.
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2.4.2 Case 2

To show the situation where the momenta are commuting we take λ = 0, then from (2.11)

β = B
m

. So all the values of parameters are listed below.

α =
1

m
, λ = 0, ω = −k, β =

B

m
. (2.85)

In this case the basic brackets of the Landau problem following from the algebra (2.16)

are

{xi, xj} =
B

km
εij, {xi, qj} = δij, {qi, qj} = 0. (2.86)

Note that algebras given by (2.52) and (2.86) are structurally equivalent.

Now we have to find the corresponding situation in the chiral oscillator problem. In

the previous subsection β was taken to be zero in (2.68). Now to generate commuting

momenta λ is set to be zero. Then we take the following asymmetrical choice of the

coefficients from (2.74)

b = d = 0 and

a =
ω+√

k(ω+ + ω−)
, c =

ω−√
k(ω+ + ω−)

.

Putting these values of the coefficients in (2.64) and (2.65) we observe that xi and qi are

now defined by the relations

xi = azi + cyi (2.87)

qi = amω−εijzj − cmω+εijyj. (2.88)

Using the algebra (2.59,2.62) it is easy to show that they satisfy the following algebra

{xi, xj} =
m(ω+ − ω−)

mk
εij (2.89)

{xi, qj} =
mω+ω−

k
δij (2.90)

{qi, qj} = 0. (2.91)

We note that above algebra and (2.86) also match under the same identifications (2.70).
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In section 2.2 we saw from Batalin–Tyutin extended space framework of generalized

Landau problem how the usual (commutative) and noncommutative Landau models were

related by gauge transformations. Now we have discussed an alternative approach where

the general problem is expressed, through certain parameters, by a doublet structure.

The connection between two formulation is that different parametric choices correspond

to distinct gauge fixings in the extended space approach.

2.5 Construction of Lagrangian

The motivation for doing this calculation is to establish an equivalence between the

generalized Landau problem and chiral oscillators at the Lagrangian level.

2.5.1 Case 1

For the values of parameters given in (2.75) we get the Lagrangian from (2.22)

L = qiẋi +
B

2
εijxiẋj −

1

2

(
q2
i

m
+ kx2

i

)
. (2.92)

Since qi is an auxiliary variable, it can be eliminated using its equation of motion qi = mẋi

to yield,

L =
m

2
ẋ2

i +
B

2
εijxiẋj −

1

2
kx2

i . (2.93)

Now we have to find the composite (soldered) Lagrangian[68, 78, 80] for the chiral oscil-

lators

L = L+ + L− = −1

2
εijziżj −

ω+

2
z2

i +
1

2
εijyiẏj −

ω−
2
y2

i . (2.94)

We take xi as defined in (2.80) and write yi in terms xi and zi

yi =
1

χ
(xi − χzi). (2.95)
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We substitute the expression of yi in the Lagrangian (2.94) to get

L = −ω+

2
z2

i −
ω−
2χ2

(xi − χzi)
2 +

1

2χ2
εij(xiẋj − 2χziẋj). (2.96)

Since zi is an auxiliary variable it can be eliminated from the above Lagrangian using its

equation of motion to yield,

L =
1

2
mẋ2

i +
1

2
m(ω+ − ω−)εijxiẋj −

1

2
mω+ω−x

2
i . (2.97)

We observe that the Lagrangians (2.97) and (2.93) are same under the previous identifi-

cation (2.70).

2.5.2 Case 2

When momenta are commuting variables, using (2.85) we have from (2.22)

L = −xiq̇i +
B

2mk
εijqiq̇j −

1

2

(
q2
i

m
+ kx2

i

)
. (2.98)

Now we can eliminate xi from (2.98) using its equation of motion to get

L =
1

2k
q̇2
i +

B

2km
εijqiq̇j −

1

2m
q2
i . (2.99)

Following the method of previous subsection we can calculate the composite Lagrangian

from (2.88) and (2.94)

L =
1

2mω+ω−
q̇2
i +

m(ω+ − ω−)

2m(mω+ω−)
εijqiq̇j −

1

2m
q2
i . (2.100)

We note that Lagrangians (2.100) and (2.99) are again identical with the mapping (2.70).

2.6 Discussion

Batalin–Tyutin extended space framework of generalized Landau problem clearly shows

the dual nature of different types of noncommutativity. The usual (commutative) and
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noncommutative Landau models are obtained as different gauge fixed versions of a parent

gauge invariant model.

Moreover chiral oscillators and generalized Landau problem are related very closely.

Here we have established a mapping between them. It is interesting that in the general-

ized Landau problem noncommutativity may appear in position variables or in momenta

or in both. By suitably defining variables from chiral coordinates each type of noncom-

mutativity can be reproduced. The important point is that this mapping exists not only

at the algebraic level but also at the Lagrangian level. In the later case, we have shown

the important role played by soldering method[68, 78, 80] to understand the mapping

properly.





Chapter 3

Noncommutative gravitational

quantum well

In the previous chapter we have discussed the generalized Landau problem where the

shifting of noncommutativity was shown from the coordinates to the momenta and vice-

versa. Also, the implications of noncommutativity in both phase space and configuration

space variables were discussed. In this chapter we study the phenomenology of a quantum

mechanical model with constant noncommutativity in both coordinates and momenta.

The energy eigenstates of a particle confined in a potential well have been calcu-

lated for different force fields. Various experiments have been done for the atomic and

nuclei models to observe the effects of electromagnetic and strong forces on elementary

particle but performing a quantum mechanical experiment in the gravitational field is

extremely difficult due to its weak nature compared to other force fields. Few years back,

Nesvizhevsky et. al.[81, 82, 83] completed an experiment at Grenoble and observed the

first few energy states for the gravitational well. In order to build a potential well gravi-

tational field alone is not sufficient since it forces a particle to fall along field lines. They

put a reflecting plane beneath to confine the particle in a finite region of space. The

neutron was used as the quantum particle since it is charge less and hence indifferent to

the electromagnetic noise. The experiment was found to be in excellent agreement with

the theoretical computations.

Here we set the model in a planar noncommutative phase space background to de-

termine the effects of noncommutativity on the energy spectrum. We use the WKB

25
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approximation to analyze the problem analytically. Finally the experimental findings of

[81, 82, 83] are used to put an upper bound on the noncommutative parameters. The

numerical analysis of a similar model was given in [84]. In that paper the model was

defined on the commutative space and exploiting an inverse phase space transformation

it was expressed in terms of the noncommuting variables. A perturbative expansion of

the Hamiltonian was then carried out to find the energy correction numerically. Here

our results are obtained by using analytical computations and these agree with [84]. The

study of this problem from other perspectives may be found in [85, 86]

In section 3.1 we define the noncommutative space and give a general phase space

transformation to connect the noncommutative space variables and the commutative

counterparts. In the next section we discuss the position space and momentum space

representation of the noncommutative algebra. In section 3.3 the quantum gravitational

well is introduced. After summarizing the theoretical and experimental[83] results of the

energy spectrum in usual commutative space, we define the corresponding Hamiltonian in

noncommutative space. The structure of this Hamiltonian is explicitly obtained in both

noncommutative and commutative descriptions, leading to completely equivalent results.

In section 3.4 the energy spectrum is computed by using the WKB approximation. An

upper bound on the noncommutative parameter is derived by comparing with the recent

experimental results given in [83]. Finally some remarks are given in section 3.5.

3.1 Noncommutative phase space

We consider a planar phase space, where the standard Heisenberg algebra is obeyed

[x̂i, x̂j] = 0

[p̂i, p̂j] = 0

[x̂i, p̂j] = i~δij.

(3.1)

This algebra is invariant under the following symmetry transformation

x̂i → p̂i

p̂i → x̂i

i→ −i.

(3.2)
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Now we define two operators ŷ and q̂ in the following way

ŷi = x̂i + α1εij p̂j + α2εijx̂j (3.3)

q̂i = p̂i + β1εijx̂j + β2εij p̂j (3.4)

where α, β are arbitrary constants. Here we enforce a symmetry leading to ŷi → q̂i

and q̂i → ŷi under the transformation (3.2). Clearly this is possible if we introduce the

following transformation

αi → βi (3.5)

βi → αi. (3.6)

Thus a symmetry transformation, analogous to (3.2), in the modified y− q plane is given

by

ŷi → q̂i

q̂i → ŷi

αi → βi

βi → αi

i→ −i.

(3.7)

Using (3.1) we can show that the new coordinates ŷ and momenta q̂ satisfy the algebra

[ŷi, ŷj] = −2i~α1εij (3.8)

[q̂i, q̂j] = 2i~β1εij (3.9)

[ŷi, q̂j] = i~(1 + α2β2 − α1β1)δij + i~(α2 − β2)εij. (3.10)

Under the symmetry transformation (3.7) the above algebra is invariant.

So far we did not associate any specific values to the coefficients α and β’s. Now if

we set

α1 = − θ

2~
β1 =

η

2~
α2 = β2 = 0
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we obtain

[ŷi, ŷj] = iθεij

[q̂i, q̂j] = iηεij

[ŷi, q̂j] = i(1 + θη
4~2 )~δij = i~effδij

(3.11)

which reproduces the noncommutative structure given in [84]. The term θη
4~2 is interpreted[84]

as a correction to the Planck constant. However by taking the following values of α and

β one can keep the Planck constant unchanged:

α1 = − θ
2~

β1 = η
2~

α2 = β2 = 1
2~
√
−θη

(3.12)

which yields the noncommutative algebra

[ŷi, ŷj] = iθεij

[q̂i, q̂j] = iηεij

[ŷi, q̂j] = i~δij

(3.13)

so that the Planck constant is not modified. Physical applications of this type of non-

commutative algebra may be found in [68].

The inverse phase space transformation is given by

x̂i = Aŷi +Bεij ŷj + Cq̂i +Dεij q̂j

p̂i = Eŷi + Fεij ŷj + Aq̂i +Bεij q̂j
(3.14)

where

A =
2~2 − θη

2(~2 − θη)
, B = − ~

√
−θη

2(~2 − θη)

C =
θ
√
−θη

2(~2 − θη)
, D =

θ~
2(~2 − θη)

(3.15)

E = − η
√
−θη

2(~2 − θη)
, F = − ~η

2(~2 − θη)
.

Observe that θ and η must have different signs so that the various coefficients are real

and well defined which guarantees the hermitian nature of physical operators x̂, p̂ and

ŷ, q̂.
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3.2 Representation of the algebra

The differential representation of the Heisenberg algebra is easy to find. In a coordinate

space representation, x̂i are diagonal and p̂i = −i~ ∂
∂xi

and in a momentum space de-

scription, the momenta p̂i are diagonal while x̂i = i~ ∂
∂pi

. In order to find a differential

representation of the noncommutative algebra (3.13), we consider a general representation

of the form

ŷi → ŷi, q̂i → −ia~ ∂

∂ŷi

+ b~εij
∂

∂ŷj

+ c
η

~
ŷi + d

η

~
εij ŷj (3.16)

where a, b, c and d are dimensionless constants. Now consistency with algebra (3.13)

demands

a+ d
ηθ

~2
= 1, b+ ic

ηθ

~2
= 0, iad+ 2bc+ i

θη

~2
(c2 + d2) = i. (3.17)

Since three equations are not sufficient to fix all the parameters, we find the solutions in

terms of a to obtain the following representation of the phase space variables

ŷi → ŷi

q̂i → −ia~ ∂

∂ŷi

∓ i~
√

1− a2 − ηθ

~2
εij

∂

∂ŷj

(3.18)

±

√
1− a2 − ηθ

~2

θ
~ŷi +

1− a

θ
εij~ŷj

This representation should have a smooth commutative limit when (θ, η) → 0. The

natural choice a = 1 does not satisfy this condition. On the other hand if we take

a =
√

1− ηθ
~2 then the representation,

q̂i → −i~
√

1− ηθ

~2

∂

∂ŷi

+
1−

√
1− ηθ

~2

θ
~εij ŷj (3.19)

has a smooth limit, which is

lim
η→0

lim
θ→0

q̂i = −i~ ∂

∂ŷi

= lim
θ→0

lim
η→0

q̂i (3.20)

Noting that the algebra (3.13) is invariant under the transformation (ŷ, q̂, θ, η) →
(q̂,−ŷ, η, θ), we can make this transformation in (3.19) to get the momentum space

representation.
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3.3 Gravitational well

Before discussing the problem in the noncommutative space setting we first study it in

usual commutative space. We consider a two dimensional plane where a particle of mass

m is subjected to the Earth’s gravitational field in one direction; the vertical, taken to

be described by the coordinate x1. We assume that the gravitational acceleration g is

constant near the surface of the earth. The commutative Hamiltonian is given by

Ĥ =
1

2m
(p̂2

1 + p̂2
2) +mgx̂1. (3.21)

Since the particle is free in the x2 direction, its energy spectrum is continuous in that

direction and the wave function can be written as

ψ(x2) =

∫
g(k)eikx2dk. (3.22)

In the other direction the wave function is the well known Airy function φ(ξ) with ap-

propriate normalization[87],

ψn(x1) = Anφ(ξ) ; ξ =

(
2m2g

~2

) 1
3

(x1 −
En

mg
). (3.23)

The zeroes of the Airy function, βn give the energy eigenvalues

En = −
(
mg2~2

2

) 1
3

βn ; n = 1, 2, 3... (3.24)

Below the classical turning point xn = En

mg
the wave function oscillates and above xn it

decays exponentially. This was observed experimentally by Nesvizhevsky et al.[81, 82].

They used neutron as the quantum particle because of its charge neutrality and long

life time (τ ' 885.7s)[88]. They allowed the particles to fall towards a horizontal mirror

which, combined with the gravitational field forms the potential well. By placing an

absorber above the mirror they allow a cold neutron beam to flow with a horizontal

velocity v2 = 6.5ms−1. Then they measure the number of transmitted neutrons as a

function of absorber height: this was shown to be a step like function which establishes

the quantum nature of the problem.
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The energy levels are also written below simply by the WKB approximation where

the error is ∼ 1% compared to the results derived from (3.24).

En =

(
9m

8
[π~g(n− 1

4
)]2
) 1

3

(3.25)

= αng
2
3 ; n = 1, 2, 3... (3.26)

where

αn =

(
9m

8
[π~(n− 1

4
)]2
) 1

3

. (3.27)

A summary of both theoretical and experimental results is given. Taking the values of

constants as

~ =
1

2π
(Planck constant) = 10.59× 10−35 Js (3.28)

g = gravitational acceleration = 9.81 ms−2 (3.29)

m = mass of neutron = 167.32× 10−29 Kg (3.30)

the first two energy levels found from (3.25) are,

E1 = 1.392 peV = 2.23× 10−31J (3.31)

E2 = 2.447 peV = 3.92× 10−31J. (3.32)

From E1 and E2 the classical turning points are calculated to be

x1 =
E1

mg
= 13.59µm (3.33)

x2 =
E1

mg
= 23.88µm. (3.34)

These are in reasonable agreement with the experimental results[83]

xexp
1 = 12.2± 1.8(syst)± 0.7(stat) (µm) (3.35)

xexp
2 = 21.6± 2.2(syst)± 0.7(stat) (µm). (3.36)

Error bars for the above mentioned energy levels are

∆Eexp
1 = 6.55× 10−32 J = 0.41 peV, (3.37)

∆Eexp
2 = 8.68× 10−32 J = 0.54 peV. (3.38)
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3.3.1 Noncommutative space description

In the noncommutative space (3.13) the analogue of the Hamiltonian (3.21) is defined as

Ĥ =
1

2m
(q̂2

1 + q̂2
2) +mgŷ1 (3.39)

To find the spectrum, two approaches are possible. One can directly work in the noncom-

mutative space variables or use the phase space transformations to reduce the problem

on the usual commutative space. We first discuss the second approach. Using the maps

(3.3,3.4) together with the parametrization (3.12), we find,

Ĥ =
1

2m
(p̂2

1 + p̂2
2) +mgx̂1 +

η

2m~
εij p̂ix̂j +mg(− θ

2~
p̂2 +

√
−θη
2~

x̂2)

+
η2

8m~2
(x̂2

1 + x̂2
2) +

η
√
−θη

8m~2
(x̂ip̂i + p̂ix̂i)−

θη

8m~2
(p̂2

1 + p̂2
2). (3.40)

Defining a new constant

γ =
2~θ

4~2 − θη
(3.41)

and a new variable

¯̂p2 = p̂2 −m2gγ (3.42)

we can write the above Hamiltonian in the form

Ĥ =
1

2m
(1− θη

4~2
)(p̂2

1 + ¯̂p2
2) +

η2

8m~2
(x̂2

1 + x̂2
2) +

η

2m~
(p̂1x̂2 − ¯̂p2x̂1)

+
η
√
−θη

8m~2
(x̂1p̂1 + x̂2

¯̂p2 + p̂1x̂1 + ¯̂p2x̂2)

+mg{(1− ηγ

2~
)x̂1 +

√
−θη
2~

(1 +
γη

2~
)x̂2} −

m3g2θ2

2(4~2 − θη)
. (3.43)

Since the difference between ¯̂p2 and p̂2 is just a constant, they satisfy the same commu-

tation relations. The eigenvalues of ¯̂p2 are translated by an equal amount vis a vis those

for p̂2 and hence these are not distinguished. Also neglecting the additive constant in the

Hamiltonian (3.43) we get

Ĥ =
1

2m
(1− θη

4~2
)(p̂2

1 + p̂2
2) +

η
√
−θη

8m~2
(x̂ip̂i + p̂ix̂i) +

η

2m~
εij p̂ix̂j

+
η2

8m~2
(x̂2

1 + x̂2
2) +mg{(1− ηγ

2~
)x̂1 +

√
−θη
2~

(1 +
γη

2~
)x̂2}. (3.44)
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Now we define a modified gravitational acceleration g̃ in the following way

mg̃ cosε = mg(1− ηγ

2~
) (3.45)

mg̃ sinε = mg

√
−θη
2~

(1 +
γη

2~
). (3.46)

The tilting angle with the x1 axis is given by

ε = tan−1

√
−θη
2~

(
2~ + ηγ

2~− ηγ

)
(3.47)

while,

g̃ = g{(1− ηγ

2~
)2 − θη

4~2
(1 +

γη

2~
)2}

1
2 (3.48)

Since the product θη is negative, g̃ is always positive definite. Now we rotate in the

x1 − x2 plane by an angle ε, so that the coordinate of a point in the rotated frame is

given by

x′1 = cosε x1 + sinε x2

x′2 = cosε x2 − sinε x1.
(3.49)

Correspondingly, the momenta are transformed :

p′1 = cosε p1 + sinε p2

p′2 = cosε p2 − sinε p1.
(3.50)

Using (3.49) and (3.50) it is easy to show that

p′21 + p′22 = p2
1 + p2

2 (3.51)

x′1p
′
2 − x′2p

′
1 = x1p2 − x2p1 (3.52)

x′21 + x′22 = x2
1 + x2

2 (3.53)

x′ip
′
i + p′ix

′
i = xipi + pixi. (3.54)

We use the operator versions of (3.51,3.52,3.53,3.54) to write the noncommutative Hamil-

tonian in the rotated frame as,

Ĥ =
1

2m
(p̂′21 + p̂′22 ) +mg̃x′1 +

η

2m~
εij p̂

′
ix̂
′
j +

η2

8m~2
(x̂′21 + x̂′22 )

+
η
√
−θη

8m~2
(x̂′ip̂

′
i + p̂′ix̂

′
i)−

θη

8m~2
(p̂′21 + p̂′22 ). (3.55)
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The primed and unprimed variables satisfy the same algebra; henceforth the primes

are all dropped. Then we can identify the first three terms of the Hamiltonian (3.55)

exactly as the commutative Hamiltonian given in (3.21). This should be considered as

the unperturbed Hamiltonian. The term η
2m~εij p̂ix̂j is effectively a Landau problem like

term, where a magnetic field is present perpendicular to the x1 − x2 plane. The term

η2

8m~2 (x̂
2
1 + x̂2

2) is practically an oscillating potential.

Since the noncommutative effects are rather small we first confine to the leading order

approximation in θ and η. Moreover (3.48) shows that in the leading order,

g̃ = g[1 +O(θη)]. (3.56)

Hence the Hamiltonian (3.55) in the first order approximation is given by,

Ĥ =
1

2m
(p̂2

1 + p̂2
2) +mgx̂1 −

η

2m~
(x̂1p̂2 − x̂2p̂1) (3.57)

= Ĥ0 −
η

2m~
(x̂1p̂2 − x̂2p̂1) (3.58)

where Ĥ0 is nothing but the commutative Hamiltonian already given in (3.21). The

energy spectrum pertaining to this Hamiltonian will be computed in section 3.4.

3.3.2 Alternative formulation

Here we analyze the structure of the Hamiltonian directly in terms of the noncommuting

space variables.

Using the representation (3.19), this Hamiltonian can be written in the form

Ĥ =
~2

2m

−(1− θη)

(
∂2

∂ŷ2
1

+
∂2

∂ŷ2
2

)
+

1−
√

1− θη
~2

θ

2

(ŷ2
1 + ŷ2

2)


+

~2

2m

2i(

√
1− θη

~2
)
1−

√
1− θη

~2

θ

(
ŷ1

∂

∂ŷ2

− ŷ2
∂

∂ŷ1

)+mgŷ1

Making use of the formula (1− a)1/2 = 1− 1
2
a for small (compared to unity) a, we simplify

the Hamiltonian to get

Ĥ =
1

2m

[
−(1− θη)~2

(
∂2

∂ŷ2
1

+
∂2

∂ŷ2
2

)
+
( η

2~

)2

(ŷ2
1 + ŷ2

2)

]
+

1

2m

[
2i(1− θη

2~2
)
η

2

(
ŷ1

∂

∂ŷ2

− ŷ2
∂

∂ŷ1

)]
+mgŷ1 (3.59)
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Keeping terms only upto first order in the noncommutative parameters, this further

reduces to

Ĥ =
1

2m

[
−~2

(
∂2

∂ŷ2
1

+
∂2

∂ŷ2
2

)
+ iη

(
ŷ1

∂

∂ŷ2

− ŷ2
∂

∂ŷ1

)]
+mgŷ1. (3.60)

Since θ does not appear in the leading order expression of the Hamiltonian, we drop it

from the algebra (3.13). In that case ŷ and −i~ ∂
∂ŷ

are nothing but the canonical pairs of

ordinary quantum mechanics and (3.60) is identified with (3.58).

3.4 Bounds on noncommutative parameters

Here the energy spectrum is computed and therefrom bounds on the noncommutative

parameters are determined. Consider the Hamiltonian (3.58) in the first order approx-

imation. Now the term proportional to η in the above Hamiltonian can be treated

perturbatively. The unperturbed part Ĥ0 is known to be exactly solvable in terms of

Airy functions[87]. Furthermore, using the property that Airy function (or any bound

state wave function vis a vis motion in the direction x1) is real, it is easily seen that

< p̂1 >n=

∫ +∞

0

dx1ψ
∗
n(−i~ ∂

∂x1

ψn) = 0. (3.61)

This can also be understood physically from the fact that, for a bound state system, the

average current flow in a particular direction is zero. So effectively the Hamiltonian turns

out to be

Ĥ = Ĥ0 −
η

2m~
x̂1p̂2. (3.62)

In this way we see that, in the leading order, the noncommutative corrections are entirely

encoded in the term

ĤI = − η

2m~
x̂1p̂2. (3.63)

We write the complete Hamiltonian (3.62) in the form

Ĥ =
1

2m
(p̂2

1 + p̂2
2) +m(g − η

2m2~
p̂2)x̂1 (3.64)

=
1

2m
(p̂2

1 + p̂2
2) +mg′x̂1 (3.65)
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where g′ = g − η
2m2~ p̂2. Since in the x2 direction the particle is free, p2 is a constant of

motion. In the experiment painstakingly performed by Nesvizhevsky et al.[81, 82] the

expectation value of p2 was

< p̂2 >= 10.91× 10−27 Kg m s−1. (3.66)

Now we can use (3.26) to write the corrected energy values of the Hamiltonian (3.64) as,

En + ∆En = αn(g′)
2
3

= αn(g − η

2m2~
< p̂2 >)

2
3 (3.67)

where En corresponds to the unperturbed energy and ∆En is the correction. It is possible

to find an analytic expression for ∆En from (3.67) by an expansion,

En + ∆En = αng
2
3 (1− η

2gm2~
< p̂2 >)

2
3 . (3.68)

Retaining the leading η-order term we find,

∆En = − η

3gm2~
< p̂2 > En. (3.69)

The same functional form can be obtained from the virial theorem [89].

Taking the values of E1 and E2 from (3.31, 3.32) and < p2 > from (3.66) we get on

using (3.69),

|∆E1| = 2.79× 1029η (J) (3.70)

|∆E2| = 4.90× 1029η (J). (3.71)

Finally, using the experimental input from (3.37, 3.38) leads to the following upper bounds

on η;

|η| . 2.35× 10−61 kg2m2s−2 (n = 1) (3.72)

|η| . 1.77× 10−61 kg2m2s−2 (n = 2) (3.73)

The upper bound on η (3.72, 3.73) are in excellent agreement with the numerical results

obtained in [84] by perturbing about the exact Airy function solutions.
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3.5 Discussion

We have studied a model of a particle in the quantum well of the Earth’s gravitational field

and a perfectly reflecting horizontal plane beneath, defined in a space with noncommuting

coordinates and momenta. By considering a phase space transformation we reduced the

problem on the commutative space. We have shown that in this process it is not necessary

to modify the Planck constant as is generally believed[84, 90]. The commutative space

Hamiltonian was found to be indifferent to the θ (i. e. coordinate) noncommutativity

in the leading order. The energy spectrum in this model was computed analytically

by exploiting the WKB approximation. Comparison with the experimental findings of

[81, 82, 83] placed an upper bound on the η- noncommutativity parameter appearing in

the algebra of momenta.





Chapter 4

Deformed symmetry in

noncommutative spaces

So far we were discussing two dimensional noncommutativity which is known to satisfy

some special properties. In fact in the previous chapter rotational symmetry was used

extensively to simplify the Hamiltonian, but that symmetry does not hold for an arbitrary

dimension. To see this we take the following general structure for arbitrary n-dimensions,

[ŷi, ŷj] = iθij, i, j = 1, 2, ...n (4.1)

Under coordinate rotations δŷi = ωij ŷj with ωij = −ωji, infinitesimal version of (4.1)

gives

ωikθkj + ωjkθik = 0. (4.2)

This is not true in general. But for d = 2, ωij = ωεij and θij = θεij under which the above

condition holds. Thus two dimensional noncommutativity is restricted in some sense. So

to study deformed symmetries we take a general noncommutative relation

[ŷµ, ŷν ] = iθµν(ŷ, q̂), µ, ν = 0, 1, 2, 3 (4.3)

where the phase space is spanned by the variables (ŷ, q̂).

There are some important issues related with the application of (4.3). In relativistic

theory, even a constant θµν breaks Poincaré symmetries[91, 92]. Likewise for massless

39
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models, conformal symmetries are affected. However it might be possible to introduce

quantum deformations of the generators such that the particular form of the commuta-

tor algebra remains covariant. This has been discussed in great detail, for a constant

θµν , using either higher order differential operators[31, 48, 93, 94, 95] or twist functions

following from quantum group arguments [30, 96]. In this chapter we study deformed

symmetries of two important noncommutative spaces. First one is the nonrelativistic

constant θ noncommutativity

[
ŷi, ŷj

]
= iθij,[

q̂i, q̂j
]

= 0, i, j = 1, 2, ..., n[
ŷi, q̂j

]
= iδij, (4.4)

and the other one is the Snyder algebra

[ŷµ, ŷν ] = iθ(ŷµq̂ν − ŷν q̂µ)

[ŷµ, q̂ν ] = i(δµ
ν + θq̂µq̂ν) µ, ν = 0, 1, 2, 3

[q̂µ, q̂ν ] = 0

(4.5)

where θ is a measure of the noncommutativity. This is an example of relativistic noncon-

stant noncommutativity. Other cases like nonrelativistic nonconstant noncommutativity

(an example of which is Lie algebraic noncomutativity which has been analyzed in [97])

are not discussed here

In the first part of this chapter we exploit the results of [94] to write the deformed

Schrödinger generators which satisfy the standard algebra. These are used to get the

deformed transformations. We also construct a non relativistic model which generates the

algebra (4.4) and is invariant under the deformed transformations. The Nöther theorem

is then used to get back the deformed generators form this model. This shows the self

consistency.

In the second part, a deformed translation is defined under which Snyder algebra

remains covariant. Next, a dynamical model invariant under such deformation is formu-

lated. Using Dirac’s[69] constraint analysis the deformed brackets are computed which

yield Snyder brackets. We therefore provide a dynamical realization of the algebra (4.5).

Nöther’s theorem is then used to find the deformed generators from the dynamical model.



4.1. Deformed Schrödinger symmetry and transformations 41

The algebraic map between the variables of Snyder algebra and the standard commutative

algebra is obtained. Finally, the analysis is extended to the conformal sector.

4.1 Deformed Schrödinger symmetry and transfor-

mations

The generators of the Schrödinger group consists of rotations (Ĵ ij), translations (P̂ i),

boosts (Ĝi), dilatations (D̂) and special conformal transformations (K̂). The standard

representation of these generators are given by,

Ĵ ij = x̂ip̂j − x̂j p̂i

D̂ =
1

2

(
p̂ix̂i + x̂ip̂i

)
− p̂2

m
t

K̂ =
1

2
m

(
x̂i − p̂i

m
t

)2

(4.6)

Ĝi = mx̂i − p̂it

P̂ i = p̂i

where m is the mass of the particle. The complete set of algebra, satisfied by these

generators in a commutative space[
x̂i, x̂j

]
=
[
p̂i, p̂j

]
= 0;

[
x̂i, p̂j

]
= iδij (in the unit of ~), (4.7)

is found to be,[
Ĵ ij, Ĵ k`

]
= −i

(
δkjĴ i` − δkiĴ j` + δ`jĴ ki − δ`iĴ kj

)
[
P̂ i, P̂j

]
= 0

[
Ĝi, Ĝj

]
= 0[

P̂ i, Ĵ jk
]

= −i
(
δijP̂k − δikP̂j

) [
Ĝi, Ĵ jk

]
= −i

(
δijĜk − δikĜj

)
[
P̂ i, Ĝj

]
= −iδijm[

Ĵ ij, D̂
]

= 0
[
Ĵ ij, K̂

]
= 0[

D̂, Ĝi
]

= −iĜi
[
K̂, Ĝi

]
= 0[

D̂, P̂ i
]

= iP̂ i
[
K̂, P̂ i

]
= iĜi[

D̂, K̂
]

= −2iK̂ (4.8)
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Now in the noncommutative space (4.4), one has to appropriately modify the expres-

sions of generators so that they satisfy the standard algebra (4.8). Taking general forms

of these generators from dimensional arguments, it has been shown in [94] that consis-

tency with (4.8) and various Jacobi identities fixes the deformed representation of the

generators. These are given by,

Ĵ ij = ŷiq̂j − ŷj q̂i +
1

2
θimq̂mq̂j − 1

2
θjmq̂mq̂i

P̂ i = q̂i,

Ĝi = mŷi − tq̂i +
m

2
θij q̂j, (4.9)

D̂ =
1

2

(
q̂iŷi + ŷiq̂i

)
− 1

m
q̂2t,

K̂ =
m

2

(
ŷi − q̂i

m
t

)2

+
m

2
θij ŷiq̂j − m

8
θi`θ`mq̂iq̂m.

It can be easily verified that in the noncommutative space (4.4) the deformed generators

(4.9) satisfy the undeformed algebra (4.8). Expectedly, in the limit θ → 0 (4.9) reduces

to the undeformed generators (4.6) under the identification (ŷ, q̂) → (x̂, p̂).

It is possible to give a map which connect the deformed generators (4.9) with the

undeformed generators (4.6). The maps between the noncommutative variables (ŷi, q̂i)

and the commutative variable (x̂i, p̂i) are given by,

x̂i = ŷi +
1

2
θij q̂j.

p̂i = q̂i (4.10)

The noncommutative phase space algebra (4.4) and the Heisenberg algebra (4.7) are

consistent with the above map.

Knowing the expressions of deformed generators (4.9) it is straightforward to obtain

the deformed transformation rules. These are obtained from the general relation

δr̂i = −i[r̂i, Ĝ]; r̂i = ŷi, q̂i (4.11)

where Ĝ is the generator. Thus for translation generator P̂ = aiq̂i

δŷi = −i[ŷi, P̂ ] = ai (4.12)

δq̂i = −i[q̂i, P̂ ] = 0. (4.13)
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For rotation generator Ĵ = ωijĴij

δŷi = ωabθiaq̂b + 2ωai(ŷa +
1

2
θamq̂m) (4.14)

δq̂i = 2ωaiq̂a. (4.15)

For the Galilean boost Ĝ = εiĜi

δŷi = mεjθij − tεi −
m

2
εjθij (4.16)

δq̂i = −mεi. (4.17)

For the dilatation generator D̂

δŷi = θij q̂j + ŷi −
2

m
q̂it (4.18)

δq̂i = −q̂i. (4.19)

For the expansion K̂

δŷi =
m

2
ŷjθij +

m

4
θilθlmq̂m − tθij q̂j − t(ŷi −

q̂i
m
t) (4.20)

δq̂i = −m
2
θij q̂j −m(ŷi −

q̂i
m
t) (4.21)

These are the complete expressions of the deformed transformation rules which keep the

noncommutative algebra (4.4) invariant.

4.2 Construction of a dynamical model

In order to construct a model which will generate the noncommutative algebra (4.4) in a

natural manner we take the following non relativistic action for a free particle of mass m

S0 =

∫
dt (piẋi −

p2

2m
) (4.22)

and use the classical version of the transformation (4.10) to get the following form of the

action,

S =

∫
dtL =

∫
dt (qiẏi +

1

2
θijqiq̇j −

q2

2m
) (4.23)
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This model in 2 + 1 dimension has been studied in [98]. Discussions on the relativistic

generalization of (4.23) are given in [99, 100]. The action (4.23) shows some interesting

properties which we study now. Interpreting y and q of the above first order action as the

configuration space variables, the canonical momenta conjugate to y and q are written

as,

πy
i =

∂L

∂ẏi

= qi πq
i =

∂L

∂q̇i
=

1

2
θjiqj. (4.24)

Thus we get the primary constraints

Ω1
i = πy

i − qi ≈ 0 Ω2
i = πq

i −
1

2
θjiqj (4.25)

which satisfy the following Poisson algebra

{Ω1
i ,Ω

1
j} = 0 {Ω1

i ,Ω
2
j} = −δij {Ω2

i ,Ω
2
j} = θij. (4.26)

These are second class constraints which can be eliminated by the use of Dirac brackets.

The first step is to construct the constraint matrix

Λab =

{Ω1
i ,Ω

1
j} {Ω1

i ,Ω
2
j}

{Ω2
i ,Ω

1
j} {Ω2

i ,Ω
2
j}

 =

 0 −δij
δij θij

 . (4.27)

We write the inverse of Λab as Λ(−1)ab such that ΛabΛ(−1)bc = δac. It is given by,

Λ(−1)ab =

 θij δij

−δij 0

 . (4.28)

Dirac brackets can now be calculated from the definition (2.32). For the action (4.22),

the configuration space variables satisfy the following algebra

{yi, yj}DB = θij

{yi, qj}DB = δij

{qi, qj}DB = 0 (4.29)

This algebra is the classical version of the noncommutative commutator algebra (4.4).

Though there is no noncommutativity in the momentum (q) sector it is possible to con-

struct an action from (4.23) which will generate the momentum noncommutativity. We

show it in the following way.
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The equations of motion for the action (4.23) are given by,

q̇i = 0 (4.30)

ẏi + θij q̇j −
qi
m

= 0 (4.31)

Combining above two equations one obtains qi = mẏi which is used in (4.23) to write the

action in terms of y alone

S =

∫
dt
m

2
ẏ2 +

m2

2
θij ẏiÿj (4.32)

The two dimensional version of the above action has been studied thoroughly in [57]. As

the Lagrangian contains second order derivative, we introduce two sets of momenta[57]

qi =
∂L

∂ẏi

− d

dt

∂L

∂ÿi

= mẏi +m2θij ÿj (4.33)

q̃i =
∂L

∂ÿi

= −m
2

2
θij ẏj. (4.34)

The non zero Poisson bracket exists only for canonical pairs

{yi, qj} = {ẏi, q̃j} = δij. (4.35)

All other brackets are zero. The second set of momenta (4.34) forms the primary con-

straints for the model (4.32)

Φi = q̃i +
m2

2
θij ẏj ≈ 0 (4.36)

which satisfy the following constraint algebra

{Φi,Φj} = m2θij. (4.37)

Having obtained the constraint matrix we can calculate various Dirac brackets from the

formula

{A,B}DB = {A,B} − {A,Φi}
1

m2
θ−1

ij {Φj, B} (4.38)

Interestingly the second set of momenta are now noncommutative. The algebra we obtain

is

{q̃i, q̃j}DB = −m
2

4
θij. (4.39)
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Other Dirac brackets are obtained easily from (4.38)

{yi, yj}DB = 0 = {qi, qj}DB (4.40)

{yi, qj}DB = δij (4.41)

{ẏi, ẏj}DB =
1

m2
θ−1

ij (4.42)

{ẏi, q̃j}DB =
1

2
δij (4.43)

This shows the dual nature of position and momenta noncommutativity.

4.3 Nöther’s theorem and generators

It is possible to reproduce the deformed Schrödinger generators from a Nöther analysis

of (4.23). This shows the consistency between the dynamical approach of section 4.2 and

the algebraic approach of section 4.1.

In general, the invariance of an action S under an infinitesimal symmetry transfor-

mation,

δQi = {Qi, G} (4.44)

is given by

δS =

∫
dτ

d

dτ
(δQiPi −G) (4.45)

where G is the generator of the transformation and Pi is the canonical momenta conjugate

to Qi. If the quantity inside the parentheses is denoted by B(Q,P ), then the generator

is defined as,

G = δQiPi −B. (4.46)

For the model (4.23) both y, q are interpreted as configuration space variables so that,

G = δqiπ
q
i + δyiπ

y
i −B. (4.47)
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This is simplified using the expressions (4.24) to get,

G = δqi(−
1

2
θijqj) + δyiqi −B. (4.48)

This relation is now used to find the deformed generators knowing the deformed transfor-

mation rules. For example we consider the Galilean boost. Using (4.48) and the deformed

transformations (4.16,4.17) we write

G = −mεi(−
1

2
θijqj) + (

m

2
εjθij − tεi)qi −B (4.49)

Now in order to calculate the variation of the Lagrangian(4.23) we use (4.16,4.17) to

obtain the following results

δ(qiẏi) = −mεiẏi − qiεi (4.50)

δ(qiq̇j) = −mεiq̇j (4.51)

δ(q2) = −2mqiεi (4.52)

Using these expressions we find the variation of the Lagrangian

δL =
dB

dt
= −mεi

d

dt
(yi +

1

2
θijqj) (4.53)

Extracting B from the above equation we put it in (4.49) to get the deformed generator

G = εi(myi − tqi +
m

2
θijqj) (4.54)

which is same as the boost generator given in (4.9) without the parameter ε. The other

deformed generators obtained in this manner are identical with (4.9).

4.4 The Snyder space and its symmetries

The study of deformed symmetries, presented in the previous sections can be done for

other cases. A simple generalization is to take the relativistic version of (4.4) and study

deformed Poincare-conformal symmetry. This has been analyzed extensively in [101].

Instead we study the Snyder[8] algebra(4.5). It was originally obtained by a dimensional
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descent from five dimensions and involves the angular momentum in the algebra of the

non commuting coordinates. Taking the momentum operators commuting, as in the

usual space, naturally leads to a deformed algebra among ŷ − q̂, therefore ensuring the

validity of the various Jacobi identities. It leads to a discrete space time compatible with

Lorentz symmetry. Apart from its intrinsic interest this algebra has relevance in various

contexts. For instance, a similar algebra is also obtained from quantum gravity in 2 + 1

dimensions[102]. There also exists a mapping between the Snyder space and κ-Minkowski

space-time[103] which is frequently used in analyzing doubly special relativity.

We now study the different symmetries associated with the Snyder Algebra(4.5).

4.4.1 Lorentz symmetry

By its very construction the algebra (4.5) is compatible with standard Lorentz transfor-

mations,

δŷµ = ωµαŷ
α (4.55)

δq̂µ = ωµαq̂
α. (4.56)

with ωµα = −ωαµ. This is checked in the following way. Consider the variation in the

first relation,

δ[ŷµ, ŷν ] = [δŷµ, ŷν ] + [ŷµ, δŷν ]

= iθωµα(ŷαq̂
ν − ŷν q̂α)− iθωνα(ŷαq̂

µ − ŷµq̂α). (4.57)

The same expression is obtained by considering the variation on the r.h.s of that relation,

iθδ(ŷµq̂ν − ŷν q̂µ) = iθωµα(ŷαq̂
ν − ŷν q̂α)− iθωνα(ŷαq̂

µ − ŷµq̂α). (4.58)

An identical treatment follows for the other two relations. This is sufficient to en-

sure consistency of the Lorentz transformations. Expectedly, the generator retains its

primitive (undeformed) structure,

Ĵµν = ŷµq̂ν − ŷν q̂µ (4.59)

so that,

δŷµ =
i

2
ωαβ

[
Ĵαβ, ŷµ

]
= ωµαŷ

α (4.60)

and similarly for q̂µ.
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4.4.2 Translation symmetry

The commutative space transformation rules for translation δŷµ = aµ, δq̂µ = 0 are not

compatible with the first relation in the Snyder algebra. So we take the following general

expressions of δŷµ and δq̂µ which are dimensionally consistent

δŷµ = aµ + αθaµq̂
2 + βθaρq̂

ρq̂µ (4.61)

δq̂µ = 0. (4.62)

Compatibility with the Snyder algebra fixes α = 0 and β = 1. So the deformed

transformation rule for the translation operator in Snyder space is given by,

δŷµ = aµ + θaρq̂
ρq̂µ. (4.63)

δq̂µ = 0. (4.64)

Although we have a deformed transformation rule for translation, the generator re-

mains the same as in the commutative space. To emphasize this point we note that

δŷµ = i
[
Ĝ, ŷµ

]
= iaρ[q̂ρ, ŷ

µ]

= aµ + θaρq̂ρq̂
µ. (4.65)

and likewise for q̂µ.

Thus the Poincare generators in Snyder space and usual commutative space are form

invariant. However, whereas Lorentz transformation remains undeformed, translation get

deformed.

Finally, in spite of the involved algebra (4.5) these generators satisfy the usual Poincare

algebra,

[q̂µ, q̂ν ] = 0[
Ĵµν , q̂λ

]
= i(δµλq̂ν − δνλq̂µ)[

Ĵµν , Ĵρσ

]
= −i(δνρĴµσ + δµσĴνρ − δµρĴνσ − δνσĴµρ).

(4.66)
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4.5 Dynamical model invariant under deformation

and the Snyder algebra

Here we discuss a method by which a dynamical model is constructed to reproduce the

Snyder algebra (4.5) from the constraint analysis of the model. Several authors[104,

105, 106, 107] have suggested various models leading to this algebra but those results

were obtained in a specific gauge. In our analysis we do not fix any gauge. Instead, we

calculate the Dirac brackets of the configuration space variables of a dynamical model

which is invariant under the deformed (translation) symmetry. The results lead to the

Snyder algebra.

Consider the following first order form of the action for a relativistic free particle of

mass m,

S =

∫
dτ [−q̇µyµ − e(q2 −m2)] (4.67)

where e is a Lagrange multiplier enforcing the Einstein condition q2 −m2 = 0.

Since the Lorentz transformation is undeformed, obviously (4.67) remains invariant.

Under translation however,

δS =

∫
dτ [−q̇µ(aµ + θaρq

ρqµ)] (4.68)

=

∫
dτ [− d

dτ
(qµaµ)− θaρq

ρqµq̇
µ] (4.69)

obtained on exploiting (4.63), (4.64). The additional symmetry breaking term can be

written as,

θaρq
ρqµq̇

µ = θ(δyρ − θaσq
σqρ)q

ρqµq̇
µ (4.70)

= θδ[yρq
ρqµq̇

µ]− θ2δ[yσq
σq2q̇µqµ] + θ3δ[yσq

σ(q2)2q̇µqµ] + · · · (4.71)

= θδ[
1

1 + θq2
(y · q)q̇µqµ] (4.72)

where recursive use of (4.63) and (4.64) has been done. Thus inclusion of the term

θ
1+θq2 (y · q)q̇µqµ in the action (4.67)
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S =

∫
dτ [−q̇µyµ +

θ

1 + θq2
(y.q)q̇µqµ − e(q2 −m2)]. (4.73)

makes it quasi-invariant under deformed translations,

δS =

∫
dτ [− d

dτ
(aµqµ)]. (4.74)

and invariant under Lorentz transformation.

We interpret y and q of the first order action (4.73) as the configuration variables in

an extended space. The canonical momentum conjugate to e, y and q are denoted by

πe, π
y
µ, π

q
µ. They do not contain the velocity term and hence are interpreted as primary

constraints. These are given by,

Φ = πe ≈ 0 (4.75)

Φ1,µ = πy
µ ≈ 0 (4.76)

Φ2,µ = πq
µ + yµ −

θ

1 + θq2
(y.q)qµ ≈ 0. (4.77)

The non vanishing Poisson brackets of the constraints are given by

{Φ1,µ,Φ2,ν} = −ηµν +
θ

1 + θq2
qµqν (4.78)

{Φ2,µ,Φ2,ν} =
θ

1 + θq2
(qνyµ − qµyν). (4.79)

All other brackets are zero. The canonical Hamiltonian of the system is read off from the

first order action (4.73)

HC = e(q2 −m2). (4.80)

The total Hamiltonian is given by the sum of canonical Hamiltonian and the primary

constraints with Lagrange multipliers

HT = e(q2 −m2) + λΦ + λ1,µΦ1,µ + λ2,µΦ2,µ. (4.81)

Time consistency of the constraint (4.75) leads to the following secondary constraint

Ψ = {HT , πe} = q2 −m2 ≈ 0. (4.82)



52 Chapter 4. Deformed symmetry in noncommutative spaces

In order to eliminate the second class constraint sector Φ1,Φ2 by the use of Dirac

brackets we follow the same method discussed in section 2.2. The inverse constraint

matrix,θ(yµqν − yνqµ) ηµν + θqµqν

−ηµν − θqµqν 0

 (4.83)

leads to the following Dirac brackets among the configuration space variables

{yµ, yν}DB = θ (yµqν − yνqµ)

{qµ, qν}DB = 0

{yµ, qν}DB = δµ
ν + θqµqν .

(4.84)

It is straight forward to elevate this algebra at the operator level. Since q s commute

among themselves there is no problem in the algebra between yµ and qν . Furthermore

from the last algebra it is clear that yµqν − qνyµ is symmetrical in µ, ν. Since the bracket

between yµ and yν should be antisymmetric in µ, ν no ordering problem appears. Thus

without any ambiguity the Dirac brackets (4.84) get lifted to the commutators (4.5).

Since the secondary constraint Ψ has vanishing Dirac brackets with all constraints,

{Ψ,Ψ}DB = {Ψ,Φ}DB = 0 (4.85)

{Ψ,Φ1,µ}DB = {Ψ,Φ2,µ}DB = 0. (4.86)

it is first class in nature and generates the gauge (reparametrisation) transformations.

The momenta Φ canonically conjugate to the Lagrange multiplier e is not physically

important.

4.6 Translation and rotation generators from Nöther’s

theorem

In this section we reproduce the deformed translation and rotation generator from a

Nöther analysis. For the model (4.73) the generator is written from (4.46) as,

G = δqµπq
µ + δyµπy

µ −B. (4.87)
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where q and y are both interpreted as configuration space variables. Using the constraints

(4.76), (4.77), the expression (4.87) is further simplified to yield,

G = δqµ(
θ

1 + θq2
(y · q)qµ − yµ)−B. (4.88)

Translations :

For translations we get from (4.64) and (4.74)

δqµ = 0, B = −aσqσ (4.89)

which when substituted in (4.88) gives the translation generator

G = aσqσ (4.90)

Rotations :

Under rotation the Lagrangian itself is manifestly invariant (δL = 0). Hence using (4.56)

we get,

G = ωµαqα(
θ

1 + θq2
(y · q)qµ − yµ) =

ωµα

2
Jαµ (4.91)

which is the cherished expression.

4.7 Mapping between deformed and usual symme-

tries

We give an algebraic map between the commutative and noncommutative variables by

comparing the actions (4.67) and (4.73). At first (4.67) is rewritten in terms of the

commutative space variables (x, p) (this is just a change in nomenclature)

S =

∫
dτ [−ṗµx

µ − e(p2 −m2)] (4.92)
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with,

{xµ, pν} = δµν , {xµ, xν} = {pµ, pν} = 0 (4.93)

Then the actions (4.92) and (4.73) are mapped by the transformations,

xµ = yµ −
θ

1 + θq2
(y · q)qµ (4.94)

pµ = qµ. (4.95)

The inverse map is given by,

yµ = xµ + θ(x · p)pµ (4.96)

qµ = pµ. (4.97)

The classical Snyder algebra follows from the above relations by using the canonical

algebra (4.93),

{yµ, qν} = {xµ + θ(x · p)pµ, pν} (4.98)

= δµ
ν + θqµqν (4.99)

and likewise for the other brackets.

It is feasible to construct an operator analogue of the maps (4.94), (4.95) by giving

an ordering prescription. Using the Weyl (symmetric) ordering, we get,

x̂µ = ŷµ − θ

8
[
q̂µq̂ρ

1 + θq̂2
ŷρ + q̂µq̂ρŷ

ρ 1

1 + θq̂2

+
q̂µ

1 + θq̂2
ŷρq̂ρ +

q̂ρ
1 + θq̂2

ŷρq̂µ

+q̂µŷρ q̂ρ
1 + θq̂2

+ q̂ρŷ
ρ q̂µ

1 + θq̂2
(4.100)

+
1

1 + θq̂2
ŷρq̂µq̂ρ + ŷρ q̂µq̂ρ

1 + θq̂2
].

p̂µ = q̂µ.

The inverse transformation is found to be,

ŷµ = x̂µ + θ
4
[x̂ρp̂ρp̂

µ + p̂µp̂ρx̂
ρ + p̂µx̂ρp̂ρ + p̂ρx̂

ρp̂µ]

q̂µ = p̂µ

(4.101)
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which is just the Weyl ordered form of (4.96), (4.97).

A slightly lengthy computation reveals that the quantum Snyder algebra (4.5) as a

commutator algebra. This follows from (4.101) by using the standard canonical commu-

tators involving x and p.

4.8 Deformed conformal symmetry

In order to study the deformed symmetry associated with the dilatation and the special

conformal transformation we first give an algebraic analysis followed by a dynamical

treatment related to the action (4.73).

4.8.1 Dilatation symmetry

Under the usual transformations for dilatation δŷµ = εŷµ, δq̂µ = −εq̂µ, covariance of only

the last relation in (4.5) is preserved. Thus as an ansatz, we take

δq̂µ = −εq̂µ (4.102)

δŷµ = εŷµ + εQ̂µ(θ). (4.103)

The covariance of the second relation in (4.5) under (4.103) yields,

[Q̂µ, q̂ν ] = −2iθq̂µq̂ν . (4.104)

Up to an ordering ambiguity a solution for Q̂µ is given by

Q̂µ = −2θ(ŷ · q̂)q̂µ
1 + θq̂2

. (4.105)

Requiring covariance of the ŷµ − ŷν bracket in (4.5), this ambiguity is fixed. It leads to

the transformation law,

δŷµ = ε[ŷµ − ŷρ
θq̂ρq̂µ

1 + θq̂2
− θq̂ρq̂µ

1 + θq̂2
ŷρ]. (4.106)

The dilatation generator yielding the deformed transformations is given by,

D̂ =
1

2
[ŷρ

q̂ρ

1 + θq̂2
+

q̂ρ

1 + θq̂2
ŷρ] (4.107)
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In the limit θ → 0, it reduces to the standard expression.

It is straightforward to check that although D in (4.107) is deformed, the correspond-

ing algebra of generators remains the same[
D̂, D̂

]
= 0 (4.108)[

D̂, q̂µ

]
= iq̂µ (4.109)[

D̂, Ĵµν

]
= 0. (4.110)

Generator from Nöther’s theorem :

We take the massless form of (4.73),

S =

∫
dτ [−q̇µyµ +

θ

1 + θq2
(y.q)q̇µqµ − eq2]. (4.111)

to study its invariance under the classical version of the deformed dilatation transforma-

tions (4.102,4.106).

The total variation of the Lagrangian

δL = 2εeq2. (4.112)

cannot be expressed as a total time derivative. However on the constraint shell (q2 = 0),

invariance is achieved, δL = 0.

Using (4.88), the variation (4.102) and B = 0 (since δL = 0), we obtain,

G = −εqµ(
θ(y · q)qµ
1 + θq2

− yµ)

=
ε(y · q)
1 + θq2

. (4.113)

It is possible to construct the operator analogue of the above generator by following

the Weyl ordered prescription,

D̂ =
ε

4
[ŷρ

q̂ρ

1 + θq̂2
+

q̂ρ

1 + θq̂2
ŷρ + q̂ρŷ

ρ 1

1 + θq̂2
+

1

1 + θq̂2
ŷρq̂ρ]. (4.114)

The last two terms combine to give the first two terms so that the final expression exactly

agrees with (4.107).



4.8. Deformed conformal symmetry 57

4.8.2 Special conformal symmetry

In order to discuss the deformed special conformal transformations we adopt a classical

treatment. Making use of the transformations (4.94), (4.95) we construct the deformed

generator from the usual expression. After getting the deformed generator, covariance of

the Snyder algebra is shown.

In the ordinary commutative space the generator for the special conformal transfor-

mation is given by,

Kµ = 2xµ(xρpρ)− x2pµ. (4.115)

Using (4.94), (4.95) the deformed generator is obtained

Kµ = −y2qµ + 2yµ(y · q) 1

1 + θq2
.

+θ2(y · q)2 1

(1 + θq2)2
q2qµ. (4.116)

The transformation rules for the deformed conformal transformation are given by

δyµ = εν{yµ, Kν} (4.117)

= {θy2qµqν − y2δµν − 6θ(yνqµ)(y · q) 1

1 + θq2

+2yµyν + θ2(y · q)2 1

(1 + θq2)2
(q2δµν − θqµqνq

2 + 2qµqν)}εν (4.118)

δqµ = εν{qµ, Kν} (4.119)

= {2yµqν − 2yνqµ − 2(y · q) 1

1 + θq2
δµν}εν . (4.120)

These deformed conformal transformations have a smooth limit θ → 0 in which they

reduce to the familiar structures in commutative space. From these transformations it is

found that

δ{yµ, yν}DB = {δyµ, yν}+ {yµ, δyµ}
= θδ (yµqν − yνqµ)

δ{qµ, qν}DB = 0

δ{yµ, qν}DB = δ (δµ
ν + θqµqν) .

(4.121)

This is sufficient to prove the compatibility of the deformed transformation laws with the

classical Snyder algebra, manifested in the form of Dirac brackets (4.84)
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Generator from Nöther’s theorem :

We first calculate the variation of the individual pieces in the action (4.111)

−δ(q̇µyµ) = { d
dτ

(y2qµ − 2Dyµ) + 2ẏµ
y · q

1 + θq2
− 2ẏµ

−θ(q̇ · q)Kµ +
d

dτ
(−2θyµq

2D + θ2D2q2qµ)

+[θ2D2q̇µ −
d

dτ
(−2θyµD + θ2D2qµ)]q2}εµ,

θδ(
y · q

1 + θq2
)(q̇ · q) = −{θKµ(q̇ · q)}εµ,

θ(
y · q

1 + θq2
)δ(q̇ · q) = { d

dτ
(2D2θ2q2qµ − 2Dyµθq

2)− 2q2(θ2qµ − θyµ)
dD

dτ
}εµ,

−eδ(q2) = {4eq2(θDqµ − yµ)}εµ. (4.122)

Some terms are expressible as a total time derivative which are retained since these will

be useful in obtaining the generator. Terms not expressible in this way drop out due to

the mass shell constraint q2 = 0. Combining all terms, we obtain,

δL =
d

dτ
[Kµε

µ] (4.123)

where Kµ is given in (4.116).

The variation δqµ is obtained from (4.120) while B is abstracted from (4.123). From

the definition (4.88) we find,

G = 2εν(yµqν − yνqµ −
y · q

1 + θq2
δµν)(θ

y · q
1 + θq2

qµ − yµ)− ενKν

= 2ενKν − ενKν

= ενKν (4.124)

thereby reproducing the desired definition of the deformed generator given in (4.116).

4.9 Discussion

Deformed Schrödinger symmetry for nonrelativistic constant noncommutativity and de-

formed conformal-Poincaré symmetries for relativistic Snyder type noncommutativity
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have been studied in this chapter. The method, we followed here is quite general and

can be applied in other noncommutative spaces. We also constructed dynamical models

invariant under the deformed symmetries. Using Dirac’s constraint analysis, we obtain

the noncommutative algebras (both constant and Snyder type) from the respective dy-

namical models. It is noteworthy that we did not fix any gauge to get the algebra. In

this sense our method is different from some other approaches where gauge fixing was

mandatory. In addition, for constant noncommutativity we have analyzed a Lagrangian

involving second order time derivative. This reproduced momentum noncommutativity.

Maps between the variables of commutative and noncommutative algebra are also given.

Finally, we use the Nöther’s theorem to derive the deformed generators from the dynam-

ical models. These are shown to be identical with the deformed generators obtained from

the algebraic approach.

As a future prospect we could develop a differential calculus involving higher order

derivatives to find the differential representations of the deformed generators. The mod-

ified coproduct rule and the associated Hopf algebra can then be obtained. However the

algebra of these deformed generators should remain same as the usual undeformed one.





Chapter 5

Noncommutative gauge theory:

Lagrangian analysis

In order to construct field theory on a noncommutative space there are two approaches.

In one approach fields are treated as operators in some Hilbert space. In the other method

fields are taken as some functions of commutative space variables and noncommutativity

among these variables is introduced by an appropriate star (∗) product[108]. In this

chapter we follow the second approach where a noncommutative Lagrangian and its

equations of motion consist of ordinary fields and their derivatives with the replacement of

ordinary product by the ∗ product. Introduction of gauge symmetry in noncommutative

field theory is also possible. Recent analysis[43, 44, 45, 49, 109, 110] reveals that it can

be done in two different ways. In one approach star deformed gauge transformations are

taken, keeping the comultiplication (Leibniz) rule unchanged and in the other approach

gauge transformations are taken as in the commutative case at the expense of a modified

Leibniz rule.

While both approaches preserve gauge invariance of the action, an important distinc-

tion between these two approaches has been mentioned in [45, 46, 49]. In the case of

star gauge transformations, gauge symmetries act only on the fields in a similar way as

in theories on commutative space time. Star gauge symmetry can thus be interpreted as

a physical symmetry in the usual sense. On the other hand if ordinary gauge transfor-

mations with a twisted Leibniz rule is taken, then the transformations do not act only

on the fields. Consequently it is not a physical symmetry in the conventional sense and

61
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it is obscure whether Nöther charges and Ward identities can be derived.

In this chapter both these approaches are studied within a common Lagrangian frame-

work. To do this we recall that Lagrangian analysis of gauge symmetries for commutative

space theories has been discussed using certain gauge identities[111]. These gauge identi-

ties involve the Euler derivatives and the generators of gauge transformations. This type

of analysis has been applied in various contexts [112, 113, 114].

In this chapter we first briefly discuss the general formulation with the Einstein-Hilbert

action as an example. Then the analysis is used for the noncommutative non-Abelian

gauge theory. Both the approaches are considered. In the first case, gauge generators,

obtained from the gauge identity are found to be star deformation of the commutative

space relations. In the other approach generators of the undeformed gauge transforma-

tions are shown to be similar with the commutative space relations. Furthermore, we find

that the relation connecting the gauge generator with the gauge identity (which is form

invariant under the star and twisted gauge transformations) is neither the undeformed

result nor its star deformation, as obtained in the previous treatment. Rather, it is a

twisted form of the conventional (undeformed) result.

5.1 General formulation

To study the dynamics of a field from an action principle we consider a general Lagrangian

involving only upto first order derivatives of the field of the form1,

S =

∫
dt L =

∫
d4x L (qα(x, t), ∂iqα(x, t), ∂tqα(x, t)) (5.1)

where α denotes the number of fields. Also, it contains all other (e. g. symmetry) indices

relevant for the problem. An arbitrary variation of this action is written as

δS = −
∫

d4x δqα(x, t)Lα(x, t). (5.2)

The equations of motion are obtained by setting the Euler derivative L to be zero,

Lα = 0. (5.3)

1We use the notation x for the four vector xµ = (x, t).
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Now we vary the field qα in the following way

δqα(x, t) =
n∑

s=0

(−1)s

∫
d3z

∂sηb(z, t)

∂ts
ραb

(s)(x, z) (5.4)

with η and ρ being the parameter and generator respectively, of the transformation.

Under this variation of the field, the variation of the action is written from (5.2) as

δS = −
∫

d4x

∫
d3z ηb(z, t)ραb

(0)(x, z)Lα(x, t)−∫
d4x

n∑
s=1

(−1)s

∫
d3z

∂

∂t

(
∂s−1ηb(z, t)

∂ts−1

)
ραb

(s)(x, z)Lα(x, t)

= −
∫

d4x

∫
d3z ηb(z, t)ραb

(0)(x, z)Lα(x, t)−∫
d4x

n∑
s=1

(−1)s−1

∫
d3z

∂s−1ηb(z, t)

∂ts−1

∂

∂t

(
ραb

(s)(x, z)Lα(x, t)
)

= −
∫

d4z ηb(z, t)

(∫
d3x ραb

(0)(x, z)Lα(x, t)

)
−∫

d4z ηb(z, t)

(∫
d3x

∂

∂t
(ραb

(1)(x, z)Lα(x, t))

)
− · · · (5.5)

We define a quantity[111, 112]

Λa(z, t) =

[
n∑

s=0

∫
d3x

∂s

∂ts
(
ραa

(s)(x, z)Lα(x, t)
)]
. (5.6)

to write (5.5) in a compact form

δS = −
∫

d4z ηa(z, t)Λa(z, t). (5.7)

If the action remains unchanged (δS = 0) under the field transformation (5.4) then it

implies,

Λa(z, t) = 0. (5.8)

The last equality, which is called the gauge identity, must be true without use of any

equation of motion. The expression (5.4) defines the gauge transformations of the fields

with ρ being the generator of gauge transformation.
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Diffeomorphism symmetry as an example :

Now we use the general analysis to study the diffeomorphism symmetry of the general

theory of relativity. We start from the gauge identity and compute the generators ρ from

(5.6). Then we obtain the explicit structure of the diffeomorphism transformation of the

metric from (5.4).

The Einstein-Hilbert action is given by,

S =

∫
d4xL(g)

=

∫
d4x

√
−gR =

∫
d4x

√
−ggµνRµν(g) (5.9)

where Rµν is the Ricci tensor

Rµν = Γλ
νµ,λ − Γλ

λµ,ν + Γλ
νµΓσ

σλ − Γσ
λµΓλ

νσ. (5.10)

The definition of the Christoffel connection in terms of the metric components,

Γρ
µν =

1

2
gρσ(gνσ,µ + gµσ,ν − gµν,σ) (5.11)

comes from the metric compatibility condition

∇ρgµν ≡ ∂ρgµν − Γα
ρµgαν − Γα

ρνgµα = 0. (5.12)

Varying the action (5.9) with respect to the metric gµν we get the Euler derivative Lµν i.

e.

δS =

∫
Lµνδgµν (5.13)

where the explicit form of Lµν is written as,

Lµν =
√
−gGµν =

√
−g(Rµν − 1

2
gµνR) (5.14)

leading to the usual Einstein’s equation, Lµν = 0. Now to find the gauge identity we

recall the Bianchi identity[115]

∇ηRλµνκ +∇νRλµκη +∇κRλµην = 0 (5.15)
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where the Riemann tensor is defined as,

Rλµνκ = gλσR
σ
µνκ = gλσ(Γσ

µκ,ν − Γσ
µν,κ + Γη

µκΓ
σ
νη − Γη

µνΓ
σ
κη). (5.16)

Contracting λ with ν and µ with κ, in the above identity, using (5.12) we get

∇µG
µν = 0. (5.17)

This is referred as the gauge identity [116]. Since the Euler derivative we defined in (5.14)

is not Gµν but
√
−gGµν we take our gauge identity as,

Λα ≡ 2∇βL
β
α = 0. (5.18)

The extra factor 2 is introduced for later convenience. In order to write the above equation

(5.18) in a more convenient way we note that the definition of Γ (5.11) can be used to

write the divergence of Einstein tensor

∇µG
µ
ν = ∂µG

µ
ν + Γµ

µαG
α
ν − Γα

µνG
µ
α (5.19)

in the following form

∇µG
µ
ν = (∂µG

µ
ν +

1

2
gµβ∂αgµβG

α
ν −

1

2
Gµβ∂νgβµ). (5.20)

Now using (5.12) and (5.20) we write the gauge identity (5.18) as,

Λν = 2∇µL
µ
ν = 2∇µ

√
−gGµ

ν = 2
√
−g(∂µG

µ
ν +

1

2
gµβ∂αgµβG

α
ν −

1

2
Gµβ∂νgβµ)

= 2∂µ

√
−gGµ

ν − ∂νgαβ

√
−gGαβ

= 2∂µL
µ
ν − ∂νgαβL

αβ (5.21)

where we have used the important relation

∂µg = ggαβ∂µgαβ. (5.22)

In the metric formulation of gravity, (5.6) is rewritten as,

Λα(z) =
n∑

s=0

∫
d3x

∂s

∂ts
(
ρµνα(s)(x, z)L

µν(x)
)
. (5.23)
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Comparing this equation with the identity (5.21), the generators are obtained. The

expression for the nonvanishing generators are given below

ρ000(0) = −∂0g00δ(x− z) (5.24)

ρ000(1) = 2g00δ(x− z) (5.25)

ρ00k(0) = −∂kg00δ(x− z) (5.26)

ρ00k(1) = 2g0kδ(x− z) (5.27)

ρ0i0(0) = −∂0g0iδ(x− z) + ∂z
i (g00δ(x− z)) (5.28)

ρ0i0(1) = g0iδ(x− z) (5.29)

ρ0ik(0) = −∂kg0iδ(x− z) + ∂z
i (g0kδ(x− z)) (5.30)

ρ0ik(1) = gkiδ(x− z) (5.31)

ρij0(0) = −∂0gijδ(x− z) + ∂z
j (gi0δ(x− z)) + ∂z

i (gj0δ(x− z)) (5.32)

ρijk(0) = −∂kgijδ(x− z) + ∂z
j (gikδ(x− z)) + ∂z

i (gjkδ(x− z)) . (5.33)

We now calculate the diffeomorphism transformation of the metric gµν from (5.4). It is

first rewritten as,

δgµν(x) =
n∑

s=0

(−1)s

∫
d3z

∂sηα(z)

∂ts
ρµνα(s)(x, z). (5.34)

Using the generators (5.24–5.33) in the above expression, the diffeomorphism law is ob-

tained

δgµν = −∂αgµνη
α − gµα∂νη

α − gαν∂µη
α. (5.35)

This can be written in the covariant notation

δgµν = −∇µην −∇νηµ. (5.36)

The above result expresses the diffeomorphism transformation of the metric field gµν .

It can also be obtained from the first order formulation of general relativity (Palatini

formulation) for which our general formulation is applicable.



5.2. Noncommutative gauge theory 67

5.2 Noncommutative gauge theory

We consider a noncommutative space, where the coordinates x̂µ satisfy the following

canonical relation2

[x̂µ, x̂ν ] = iθµν (5.37)

where θµν is a constant antisymmetric matrix. The noncommutative coordinates satis-

fying (5.37) are the generators of an associative algebra Ax[40, 41, 42]. According to

the Weyl correspondence, we can associate an element of Ax (W )with a function (f) of

classical variables xµ[117] by the unique prescription

W (f) =
1

(2π)2

∫
d4keikµx̂µ

f̃(k) (5.38)

where f̃(k) is the Fourier transform of f(x).

f̃(k) =
1

(2π)2

∫
d4xe−ikµxµ

f(x) (5.39)

New operators can be obtained by multiplication of W ’s defined in (5.38). The classical

function corresponding to this new operator is denoted by f ∗ g. So the requirement

W (f)W (g) = W (f ∗ g) is written as

W (f)W (g) = W (f ∗ g) =
1

(2π)4

∫
d4kd4peikµx̂µ

eipν x̂ν

f̃(k)g̃(p) (5.40)

The product of two exponentials in the integral is obtained by the Baker-Campbell-

Hausdorff formula

eAeB = eA+B+ 1
2
[A,B]+ 1

12
([A,[A,B]]−[B,[A,B]])− 1

48
([B,[A,[A,B]]]+[A,[B,[A,B]]])... (5.41)

to write (5.40) as

W (f ∗ g) =
1

(2π)4

∫
d4kd4pei(kµ+pµ)x̂µ− i

2
kµpνθµν

f̃(k)g̃(p) (5.42)

Comparing the above equation with (5.38) we get the expression for f̃ ∗ g(k, p)

f̃ ∗ g(k, p) = e−
i
2
kµpνθµν

f̃(k)g̃(p) (5.43)

2From now we shall denote the noncommutative coordinates by x̂.
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f ∗ g can now be read off from (5.39)

f ∗ g =
1

(2π)4

∫
d4kd4pei(kµ+pµ)xµ− i

2
kµpνθµν

f̃(k)g̃(p) = e
i
2

∂
∂xµ θµν ∂

∂yν f(x)g(y)|y→x (5.44)

This is the Moyal–Weyl ∗ product[13]. Star product of functions within an integral satisfy

the well known property∫
d4x A(x) ∗B(x) =

∫
d4x A(x)B(x) =

∫
d4x B(x) ∗ A(x) (5.45)

and the trace like property,∫
d4x (A ∗B ∗ C) =

∫
d4x (B ∗ C ∗ A) =

∫
d4x (C ∗ A ∗B) (5.46)

Noncommutative action and the gauge transformations :

Inserting the ∗ product in place of the ordinary product we construct the noncommutative

free Dirac action in four dimension

SF =

∫
d4x [ ˆ̄ψ(x) ∗ (iγµ∂µ −m)ψ̂(x)]. (5.47)

To introduce the connection, the commutative covariant derivative

Dµ = ∂µ + igAµ (5.48)

is replaced by the noncommutative covariant derivative

Dµ∗ = ∂µ + igÂµ ∗ . (5.49)

This leads to the field strength tensor

[Dµ∗, Dν∗] = igF̂µν (5.50)

with

F̂µν(x) ≡ ∂µÂν(x)− ∂νÂµ(x) + ig[Âµ(x), Âν(x)]∗. (5.51)
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Here the star commutator is given by

[Âµ(x), Âν(x)]∗ = Âµ(x) ∗ Âν(x)− Âν(x) ∗ Âµ(x). (5.52)

The gauge field defined in this way is coupled with the Dirac field to give the complete

action for the noncommutative non-Abelian theory

S =

∫
d4x [−1

2
Tr(F̂µν(x) ∗ F̂ µν(x)) + ˆ̄ψ(x) ∗ (iγµDµ ∗ −m)ψ̂(x)]. (5.53)

The action (5.53) is invariant under both deformed gauge transformations,

δÂµ = Dµ ∗ α̂ = ∂µα̂+ ig(Âµ ∗ α̂− α̂ ∗ Âµ), (5.54)

δF̂µν = ig[F̂µν , α̂]∗ = ig(F̂µν ∗ α̂− α̂ ∗ F̂µν) (5.55)

δψ̂ = −igα̂ ∗ ψ̂ (5.56)

δ ˆ̄ψ = ig ˆ̄ψ ∗ α̂ (5.57)

with the usual Leibniz rule,

δ(f ∗ g) = (δf) ∗ g + f ∗ (δg) (5.58)

as well as the undeformed gauge transformations

δα̂Âµ = Dµα̂ = ∂µα̂+ ig(Âµα̂− α̂Âµ), (5.59)

δα̂F̂µν = ig[F̂µν , α̂] = ig(F̂µνα̂− α̂F̂µν) (5.60)

δα̂ψ̂ = −igα̂ψ̂ (5.61)

δα̂
ˆ̄ψ = ig ˆ̄ψα̂ (5.62)

with the twisted Leibniz rule[43, 44, 109],

δα̂(f ∗ g) =
∑

n

(
−i
2

)n θ
µ1ν1 · · · θµnνn

n!

(δ∂µ1 ···∂µn α̂f ∗ ∂ν1 · · · ∂νng + ∂µ1 · · · ∂µnf ∗ δ∂ν1 ···∂νn α̂g) (5.63)

For deformed gauge symmetry (5.54–5.58), it is obvious from the definition of the field

strength tensor (5.51) and the gauge transformations (5.54) that, in general, both Âµ as
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well as F̂µν are enveloping algebra valued for deformed gauge symmetry. For the case

of twisted gauge symmetry (5.59–5.62,5.63), however, one has to consider the equation

of motion derived later (see (5.71)), interpreted as equations for the gauge field Âµ, to

conclude that here also Âµ is enveloping algebra valued. The field tensor F̂µν , by its very

definition (5.51), is of course enveloping algebra valued. Thus, in both treatments of

gauge symmetry, Âµ and F̂µν are enveloping algebra valued[109]. This implies that the

gauge potential Âµ has to be expanded over a basis of the vector space spanned by the

homogeneous polynomials in the generators of the Lie algebra,

Âµ(x) = Âµ
a(x) : T a : +Âµ

a1a2
(x) : T a1T a2 :

+...Âµ
a1a2...an

(x) : T a1T a2 ...T an : +... (5.64)

where the double dots indicate totally symmetrised products,

: T a : = T a

: T a1T a2 : =
1

2
{T a1 , T a2} =

1

2
(T a1T a2 + T a2T a1) (5.65)

: T a1 ...T an : =
1

n!

∑
π∈Sn

T aπ(1) ...T aπ(n)

These symmetrised products may be simplified by using the basic Lie algebraic relation,

[T a, T b] = ifabcT c (5.66)

where fabc are the structure constants.

Apart from forming a Lie algebra (5.66) the generators (5.65) also close under anti

commutation[118, 119],

{T a, T b} = dabcT c. (5.67)

The simpler nontrivial algebra that matches these conditions is U(N) in the representa-

tion given by N ×N hermitian matrices.

Following [120, 121] it is feasible to choose T 1 = 1√
2N

I(N×N) and the remaining N2−1

of the T ’s as in SU(N). Then the trace condition also follows as,

Tr(T aT b) =
1

2
δab (5.68)
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and fabc, dabc are completely antisymmetric and completely symmetric respectively.

From now we will work with these simplifications. The gauge potential and the field

strength will be explicitly written as,

Âµ = Âa
µT

a (5.69)

F̂µν = F̂ a
µνT

a (5.70)

where the T a’s are the N2 hermitian generators of U(N) that satisfy the conditions (5.66),

(5.67) and (5.68).

In order to derive the field equations we first vary the gauge field Â to get the equation

of motion for the gauge field,

∂µF̂
µν + ig[Âµ, F̂

µν ]∗ + ĵν = 0 (5.71)

where ĵν is the fermionic current

ĵν = gψ̂j(γ
ν)ij ∗ ˆ̄ψi. (5.72)

The variation of the matter field ˆ̄ψ and ψ̂ in the action (5.53) gives the equation of motion

iγµ∂µψ̂ − gγµÂµ ∗ ψ̂ −mψ̂ = 0. (5.73)

i∂µ
ˆ̄ψγµ + g ˆ̄ψ ∗ γµÂµ +m ˆ̄ψ = 0. (5.74)

Operating ∂ν on (5.71) we get a current conservation law[110]

∂ν Ĵ
ν = 0; Ĵν ≡ ig[Âµ, F̂

µν ]∗ + ĵν (5.75)

It is also possible to obtain the current defined in (5.75) from (5.53) by using a Nöther-like

procedure[49]. Making the following “global” transformations,

δÂµ(x) = ig[ω(x), Âµ(x)]∗ (5.76)

δψ̂(x) = −igω(x) ∗ ψ̂(x) (5.77)

δ ˆ̄ψ(x) = ig ˆ̄ψ(x) ∗ ω(x) (5.78)

if we set ω(x) to a constant at the end of the calculation, the conserved current (5.75)

follows from (5.53).
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5.3 Analysis for star deformed gauge symmetry

We discussed in section 5.1 that, the presence of gauge symmetry is characterized by an

identity called the gauge identity. The gauge generators are related to this identity. As

an application, the gauge identity is first abstracted by simple inspection, after which

the generator is read off. The gauge transformations of the fields can then be computed

from this generator.

In order to apply that analysis in the noncommutative space we write the noncom-

mutative version of the gauge identity

Λa(z, t) =

[
n∑

s=0

∫
d3x

∂s

∂ts
(
ραa

(s)(x, z) ∗ Lα(x, t)
)]
. (5.79)

which is the analogue of (5.6) and the noncommutative gauge transformations of the

fields

δqα(x, t) =
n∑

s=0

(−1)s

∫
d3z

∂sηb(z, t)

∂ts
∗ ραb

(s)(x, z) (5.80)

which is the analogue of (5.4)

In order to find the gauge identity we have to first derive the Euler derivatives. This

is simply done by considering an arbitrary variation of the action (5.53), expressed in

terms of the variations of the basic fields,

δS = −
∫

d4x δÂa
µ ∗ Lµa + δψ̂i ∗ Li + δ ˆ̄ψi ∗ L′i (5.81)

where La
µ, Li and L′i are the Euler derivatives

Lµa = −
(
Dσ ∗ F̂ σµ

)a

− gψ̂j(γ
µT a)ij ∗ ˆ̄ψi (5.82)

Li = −i∂µ
ˆ̄ψj(γ

µ)ji − g ˆ̄ψj ∗ (γµÂa
µT

a)ji −m ˆ̄ψi (5.83)

L′i = −i(γµ)ij∂µψ̂j + g(γµÂa
µT

a)ij ∗ ψ̂j +mψ̂i. (5.84)

Here the noncommutative covariant derivative D∗ is defined in the adjoint representation

(5.54) i. e.

Dµ ∗ ξ = ∂µξ + ig[Âµ, ξ]∗; (5.85)

(Dµ ∗ ξ)a = ∂µξ
a − g

2
fabc{Âb

µ, ξ
c}∗ + i

g

2
dabc[Âb

µ, ξ
c]∗ (5.86)
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where we have used (5.66) and (5.67). We now define a quantity Λ, involving the various

Euler derivatives of the system as,

Λa ≡ − (Dµ ∗ Lµ)a − igT a
ijψ̂j ∗ Li − igT a

jiL
′
i ∗ ˆ̄ψj. (5.87)

Exploiting (5.86) and (5.82,5.83,5.84) the above expression, by an explicit calculation, is

found out to be zero, i. e. it vanishes identically without using any equations of motion,

Λa ≡ − (Dµ ∗ Lµ)a − igT a
ijψ̂j ∗ Li − igT a

jiL
′
i ∗ ˆ̄ψj = 0. (5.88)

The above relation is the cherished gauge identity for the model (5.53). The structure

of Λa in (5.87) is similar to the general form (5.79) in the sense that it involves the

appropriate Euler derivatives. To find the generator ρ let us write (5.79) in a convenient

way which is more suitable for our particular model,

Λa(z, t) =
∑

s

∫
d3x

∂s

∂ts

(
ρbµa

(s) (x, z) ∗ Lb
µ(x, t)

)
+

∑
s

∫
d3x

∂s

∂ts
(φa

i (x, z) ∗ Li(x, t) + φ′ai (x, z) ∗ L′i(x, t)) . (5.89)

The values of the generators ρ, φ and φ′ are obtained by comparing (5.87) and (5.89).

Since the calculations involve some subtlety due to the noncommutative nature of the

coordinates, few intermediate steps are presented here. The contribution coming from

the space component of the gauge field Euler derivative Lµ is written from (5.88) as

Λa|Li
= −

(
Di ∗ Li

)a
=

g

2
fabc{Âib, Lc

i}∗ − i
g

2
dabc[Âib, Lc

i ]∗ − ∂izLa
i . (5.90)

Using the properties (5.45,5.46), (5.90) is written in the following way

Λa|Li
(z, t)

= −
∫

d3x
g

2

(
fabc{δ3(x− z), Âic(x)}∗ + idabc[δ3(x− z), Âic(x)]∗

)
∗ Lb

i(x)

−
∫

d3x δab∂izδ3(x− z)Lb
i(x). (5.91)
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This has to be identified with the s = 0 contribution coming from (5.89) which is given

by,

Λa|Li
(z, t) =

∫
d3x

(
ρbia

(0)(x, z) ∗ Lb
i(x, t)

)
. (5.92)

Comparing (5.91) and (5.92) we obtain,

ρbia
(0)(x, z) = −δab∂izδ3(x− z)−

g

2
fabc{δ3(x− z), Âic(x)}∗ − i

g

2
dabc[δ3(x− z), Âic(x)]∗. (5.93)

Other components of the gauge generator can be obtained in a similar way. Here we

give the full expressions of these components which will be useful in finding the gauge

transformations of the different fields.

ρb0a
(0) (x, z) = −g

2
fabc{δ3(x− z), Âc

0(x)}∗ − i
g

2
dabc[δ3(x− z), Âc

0(x)]∗ (5.94)

ρb0a
(1) (x, z) = −δabδ3(x− z) (5.95)

φa
i(0)(x, z) = −igT a

ijδ
3(x− z) ∗ ψ̂j(x) (5.96)

φ′ai(0)(x, z) = −igT a
ji

ˆ̄ψj(x) ∗ δ3(x− z) (5.97)

Let us next consider the gauge transformations. From (5.80) we write the gauge

transformation equation for the space component of the gauge field

δÂia(x, t) =
∑

s

(−1)s

∫
d3z

∂sα̂b(z, t)

∂ts
∗ ρaib

(s)(x, z)

=

∫
d3z

(
α̂b(z, t) ∗ ρaib

(0)(x, z)
)

(5.98)

where we have changed the notation η by α̂. Exploiting the identity[118, 119]

A(x) ∗ δ(x− z) = δ(x− z) ∗ A(z) (5.99)

and interchanging a, b, the generator (5.93) is recast as,

ρaib
(0)(x, z) = −δab∂izδ3(x− z) +

g

2
fabc{δ3(x− z), Âic(z)}∗ + i

g

2
dabc[δ3(x− z), Âic(z)]∗ (5.100)
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Use of (5.100) along with the identities (5.45) and (5.46) in (5.98) implies that

δÂia = ∂iα̂a − g

2
fabc{Âib, α̂c}∗ + i

g

2
dabc[Âib, α̂c]∗ = (Di ∗ α̂)a (5.101)

where the operator D had already been defined in (5.86). Similarly the generators

(5.94,5.95) lead to the zeroth component

δÂ0a = ∂0α̂a − g

2
fabc{Â0b, α̂c}∗ + i

g

2
dabc[Â0b, α̂c]∗ = (D0 ∗ α̂)a. (5.102)

Combining the two results (5.101) and (5.102) we get the following star covariant gauge

transformation rule for the gauge field

δÂµa = (Dµ ∗ α̂)a (5.103)

Using the above equation the gauge variation of the field strength tensor is obtained from

its definition (5.51)

δF̂µν = ig[F̂µν , α̂]∗ (5.104)

The star gauge transformation of the matter fields are obtained in a similar manner

δψ̂i(x) = −igα̂a(x) ∗ T a
ijψ̂j(x) (5.105)

δ ˆ̄ψi(x) = igT a
ji

ˆ̄ψj(x) ∗ α̂a(x) (5.106)

Thus the star gauge transformations of all the fields have been systematically obtained.

They reproduced the results (5.103,5.105,5.106) previously stated in Section 5.2 (5.54–

5.57) under which the action (5.53) is invariant.

The generators ρ are mapped with the gauge identity Λa (5.88) by the relation (5.79).

If we set θ = 0, then these just correspond to the usual commutative space results for

Yang–Mills theory in the presence of matter[111]. This implies that, as it occurs in

the gauge transformations, the mapping (5.79) is also a star deformation of the usual

undeformed (commutative space) map.
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The analysis presented above is very general and can be done for the first order action

for noncommutative non-Abelian theory. Let us briefly summarize the results. The first

order action for the pure gauge field is given by,

S =
∫

d4x [
1

2
Tr(F̂µν(x) ∗ F̂ µν(x))−

TrF̂µν(x) ∗ (∂µÂν(x)− ∂νÂµ(x) + ig[Âµ(x), Âν(x)]∗)] (5.107)

Here Âµ and F̂µν are treated as independent fields. Variation of these two fields lead to

the following equations of motion,

Lµ = −Dν ∗ F̂ νµ = 0 (5.108)

Lµν = −1

2
[F̂ µν − (∂µÂν − ∂νÂµ + ig[Âµ, Âν ]∗)] = 0 (5.109)

The gauge identity containing the Euler derivatives Lµ and Lµν is given by,

−(Dµ ∗ Lµ)− ig[F̂ µν , Lµν ]∗ = 0 (5.110)

Now (5.79) is written in the following way,

Λa(z, t) =

[
n∑

s=0

∫
d3x

∂s

∂ts

(
ρbµa

(s) (x, z) ∗ Lb
µ(x, t) + ρbµνa

(s) (x, z) ∗ Lb
µν(x, t)

)]
. (5.111)

Comparison of (5.110) and (5.111) gives the generators (5.93–5.95) and the new generator

ρbµνa
(0) (x, z) = −g

2
fabc{F̂ µνc(x), δ3(x− z)}∗ + i

g

2
dabc[F̂ µνc(x), δ3(x− z)]∗ (5.112)

Using (5.112) in (5.80), gauge variation of the F̂ µν is obtained independently

δF̂ µνa(x) =

∫
d3zα̂b(z) ∗ ρaµνb

(0) (x, z) (5.113)

= ig[F̂ µν , α̂]a. (5.114)

The gauge variation of the Â field can be obtained similarly.

Let us now mention a technical point. In obtaining the gauge transformations – say

(5.101) from (5.98), use is made of identities like (5.45), (5.46) which are strictly valid

over the whole four dimensional space time. Since (5.98) involves only the space integral,

manipulations based on these identities imply only space-space noncommutativity. This is

quite reminiscent of the Hamiltonian formulation of gauge symmetries[119] where θ0i = 0

from the beginning.
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5.4 Analysis for twisted gauge symmetry

For simplicity we take the pure gauge theory

S = −1

2

∫
d4x Tr(F̂µν(x) ∗ F̂ µν(x)) (5.115)

where the field strength tensor was defined in (5.51).

Using the undeformed gauge transformation (5.59) and the deformed coproduct rule

(5.63), the variation of the (star) product of gauge fields is also seen to be undeformed,

δα̂(Âµ ∗ Âν) = ∂µα̂Âν + Âµ∂να̂− ig[α̂, (Âµ ∗ Âν)] (5.116)

which is the exact analogue of,

δ(AµAν) = (∂µα+ ig[Aµ, α])Aν + Aµ (∂να+ ig[Aν , α])

= ∂µαAν + Aµ∂να− ig[α, (AµAν)]. (5.117)

Here Aµ is the commutative space gauge field with normal gauge transformation. The

above result is used to find the gauge transformation of the field strength tensor

δα̂F̂µν = ∂µδα̂Âν − ∂νδα̂Âν + igδα̂[Âµ, Âν ]∗ (5.118)

= ∂µ(∂να̂+ ig[Âν , α̂])− ∂ν(∂µα̂+ ig[Âµ, α̂])

+ig
(
[∂µα̂, Âν ] + [Âµ, ∂να̂]− ig[α̂, [Âµ, Âν ]∗]

)
(5.119)

= −ig[α̂, F̂µν ]. (5.120)

Likewise one finds,

δα̂(F̂ µν ∗ F̂µν) = −ig[α̂, F̂ µν ∗ F̂µν ] (5.121)

Both F̂µν and F̂µν ∗ F̂ µν have the usual (undeformed) transformation properties. Thus

the action (5.115) is invariant under the gauge transformation (5.116) and the deformed

coproduct rule (5.63).



78 Chapter 5. Noncommutative gauge theory: Lagrangian analysis

There is another way of interpreting the gauge invariance which makes contact with

the gauge identity. Making a gauge variation of the action (5.115) and taking into account

the twisted coproduct rule (5.63), we get

δα̂S = −1

2

∫
d4x Trδα̂(F̂µν ∗ F̂ µν) (5.122)

= −1

2

∫
d4x [Tr(δα̂F̂µν ∗ F̂ µν + F̂µν ∗ δα̂F̂ µν

− i
2
θµ1ν1(δ∂µ1 α̂F̂µν ∗ ∂ν1F̂

µν + ∂µ1F̂µν ∗ δ∂ν1 α̂F̂
µν)

−1

8
θµ1ν1θµ2ν2(δ∂µ1∂µ2 α̂F̂µν ∗ ∂ν1∂ν2F̂

µν + ∂µ1∂µ2F̂µν ∗ δ∂ν1∂ν2 α̂F̂
µν)

+ · ··)]. (5.123)

Now using the result (5.119) each term of (5.123) can be computed separately. For ex-

ample we concentrate on the first term. Using the identity (5.45) and the trace condition

(5.68) we write the first term as

δα̂S|1st term = −1

4

∫
d4x (δα̂F̂

µνa ∗ F̂ a
µν + F̂ µνa ∗ δα̂F̂ a

µν) (5.124)

= −1

2

∫
d4x δα̂F̂

µνaF̂ a
µν . (5.125)

Making use of (5.119) and dropping the surface terms the above expression is found out

to be,

δα̂S|1st term = −
∫

d4x α̂a (−∂µ∂νF̂µν − ig∂µ[Âν , F̂µν ]− ig[Âµ, ∂νF̂µν ]

+g2[Âµ ∗ Âν , F̂µν ])
a. (5.126)

The second term of (5.123) is identically zero due to the antisymmetric nature of θµν .

We write that as,

δα̂S|2nd term = −1

2

∫
d4x α̂a i

2
θµ1ν1(−ig{∂µ1F̂

µν , ∂ν1F̂µν})a (5.127)

= −
∫

d4x α̂a i

2
θµ1ν1(−ig{∂µ1∂

µÂν , ∂ν1F̂µν}

+g2{∂µ1(Â
µ ∗ Âν), ∂ν1F̂µν})a (5.128)

= −
∫

d4x α̂a i

2
θµ1ν1(−ig∂µ{∂µ1Â

ν , ∂ν1F̂µν} −

ig{∂µ1Â
µ, ∂ν1∂

νF̂µν}+ g2{∂µ1(Â
µ ∗ Âν), ∂ν1F̂µν})a. (5.129)
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The third term is written as

δα̂S|3rd term = −
∫

d4x (∂µ1∂µ2α̂a)
1

2
(
i

2
)2θµ1ν1θµ2ν2(−∂µ∂ν∂ν1∂ν2F̂µν

−ig∂µ[Âν , ∂ν1∂ν2F̂µν ]

−ig[Âµ, ∂ν∂ν1∂ν2F̂µν ]

+g2[Âµ ∗ Âν , ∂ν1∂ν2F̂µν ])
a. (5.130)

Using the antisymmetry of θµν and dropping the various surface terms, we write the

above expression as,

δα̂S|3rd term = −
∫

d4x α̂a 1

2
(
i

2
)2θµ1ν1θµ2ν2(−ig∂µ[∂µ1∂µ2Âν , ∂ν1∂ν2F̂µν ]

−ig[∂µ1∂µ2Âµ, ∂ν∂ν1∂ν2F̂µν ]

+g2[∂µ1∂µ2(Âµ ∗ Âν), ∂ν1∂ν2F̂µν ])
a. (5.131)

Other terms can be obtained in a similar manner. Combining all these terms we finally

get,

δα̂S = −
∫

d4x α̂a(−∂µ∂νF̂µν − ig∂µ[Âν , F̂µν ]∗ − ig[Âµ, ∂νF̂µν ]∗

+g2[Âµ ∗ Âν , F̂µν ]∗)
a (5.132)

= −
∫

d4x α̂aΛa (5.133)

where,

Λa = −(Dµ ∗ Lµ)a = −(Dµ ∗ Dσ ∗ F̂σµ)a (5.134)

that vanishes identically. Note that this is exactly the same as the expression in the gauge

identity (5.88) without the fermionic fields. This proves the invariance of the action.

Let us now repeat the analysis of the previous section with appropriate modifications.

Since the gauge transformations are undeformed, the gauge generators are expected to

have the same form as in the commutative space. To see this note that the gauge variation

of the zeroth component of the Âµ field, following from (5.116), can be written as,

δα̂Â
a
0(z) = ∂0α̂

a(z)− gfabcÂb
0(z)α̂

c(z)
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= g

∫
d3z fabcÂc

0α̂
bδ3(x− z) +

∫
d3z δabδ3(x− z)

∂

∂t
α̂b. (5.135)

Clearly the above result can be expressed in our standard form (5.80),

δα̂Â
a
0(z) =

∑
s

(−1)s

∫
d3z

∂sα̂b(z, t)

∂ts
ρa0b

(s) (x, z)

=

∫
d3z α̂b(z, t)ρa0b

(0) (x, z)−
∫

d3z
∂α̂b(z, t)

∂t
ρa0b

(1) (x, z) (5.136)

where

ρa0b
(0) (x, z) = gfabcÂc

0δ
3(x− z) (5.137)

ρa0b
(1) (x, z) = −δabδ3(x− z) (5.138)

is the gauge generator. Similarly

δα̂Â
a
i (z) = ∂iα̂

a(z)− gfabcÂb
i(z)α̂

c(z) (5.139)

is written in the form

δα̂Â
a
i (z) =

∑
s

(−1)s

∫
d3z

∂sα̂b(z, t)

∂ts
ρaib

(s)(x, z) (5.140)

for the value

ρaib
(0)(x, z) = −δab∂izδ3(x− z) + gfabcÂc

iδ
3(x− z). (5.141)

No star products appear in the gauge generators ρ and their structure is similar to the

undeformed commutative space expressions. To identify the difference (both from the

commutative space results and the star deformed results) it is essential to look at the

gauge identity and its connection with the corresponding gauge generator.

Now as already implied in (5.134), we have a gauge identity for this system, exactly

similar to the previous case,

Λa = − (Dµ ∗ Lµ)a = 0 (5.142)

where Lµ is the Euler derivative defined in (5.134). The Euler–Lagrange equation of

motion is given by

Dσ ∗ F̂σµ = 0. (5.143)
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The gauge identity and the Euler derivatives are mapped by the relation,

Λa(z, t) =
n∑

s=0

∫
d3x

∂s

∂ts

(
ρ′bµa

(s) (x, z)Lb
µ(x, t)

)
(5.144)

where the values of ρ′bµa
(0) (x, z) and ρ′bµa

(1) (x, z) are equal to those of ρbµa
(0) and ρbµa

(1) of the

previous example, given in (5.94), (5.95) and (5.93). This happens since the Euler deriva-

tives and the gauge identity are identical to those discussed in the previous section. Now

we express ρ′ in terms of ρ. To do this, (5.94) is rewritten under the identification ρ = ρ′

as,

ρ′b0a
(0) (x, z) = −g

2
fabc{δ3(x− z), Âc

0(x)}∗ − i
g

2
dabc[δ3(x− z), Âc

0(x)]∗. (5.145)

Now making use of the definition of star product (5.44), the above expression is written

in the following way

ρ′b0a
(0) (x, z) = −gfabcÂc

0δ
3(x− z)− g

∞∑
n=1

(
i

2
)n θ

µ1ν1 · · · θµnνn

n!

[(
fabc

2
+ i

dabc

2
)∂µ1 · · · ∂µnδ

3(x− z)∂ν1 · · · ∂νnÂ
0c(x) (5.146)

(+
fabc

2
− i

dabc

2
)∂µ1 · · · ∂µnÂ

0c(x)∂ν1 · · · ∂νnδ
3(x− z)].

Note that the θ independent term is nothing but the gauge generator ρb0a
(0) given in (5.137).

Similarly calculating the other components ρ′bia(0) and ρ′b0a
(1) from (5.95) and (5.93) we obtain,

ρ′bµa
(0) (x, z) = ρbµa

(0) (x, z)− g
∞∑

n=1

(
i

2
)n θ

µ1ν1 · · · θµnνn

n!

[(
fabc

2
+ i

dabc

2
)∂µ1 · · · ∂µnδ

3(x− z)∂ν1 · · · ∂νnÂ
µc(x) (5.147)

(+
fabc

2
− i

dabc

2
)∂µ1 · · · ∂µnÂ

µc(x)∂ν1 · · · ∂νnδ
3(x− z)]

ρ′b0a
(1) (x, z) = ρb0a

(1) (x, z). (5.148)

Here ρ′ is not the generator, rather it is ρ (5.137,5.138,5.141). Although the generator

remains undeformed, the relation mapping the gauge identity with the generator is neither

the commutative space result nor its star deformation as found in the other approach.

Rather, it is twisted from the undeformed result. The additional twisted terms are

explicitly given in (5.147). Expectedly, in the limit θ → 0 the twisted terms vanish.
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5.5 Discussion

Gauge symmetries on canonically deformed coordinate spaces were considered. Within a

common Lagrangian framework both types of gauge symmetries in these noncommutative

spaces were discussed. Explicit structures of the gauge generators were obtained in either

case. The connection of these generators with the gauge identity, which must exist

whenever there is a gauge symmetry, was also established. In the former case, this

connection was a star deformation of the commutative space result. In the latter case,

on the other hand, the commutative space result was appropriately twisted. A first

order formulation of the deformed gauge transformation was also given where the gauge

variation of the field strength tensor and the gauge field were found independently. The

results thus obtained were shown to be consistent with the second order formulation. All

results obtained here reduce to the usual commutative space expressions in the limit of

vanishing θ.

It is quite remarkable that these fundamental properties of gauge symmetries (i. e.

occurrence of gauge identity and its connection with the corresponding generator through

the Euler derivatives) were found in the noncommutative theory, adopting either of the

two interpretations. This strongly suggests a meaningful interpretation for gauge trans-

formation on noncommutative spaces.



Chapter 6

Noncommutative gauge theory:

Hamiltonian analysis

Apart from the Lagrangian formulation there is also a Hamiltonian formulation of de-

scribing the gauge symmetries of a commutative space action[113, 114, 122]. In this

approach, Dirac’s[69] conjecture is followed to obtain the gauge generators from a linear

combination of the first class constraints. The gauge variation of the fields are then found

by Poisson bracketing the generator with the respective fields.

Here we provide a systematic Hamiltonian analysis of gauge theory on a canonical

noncommutative space. The analysis is applied for both cases – star deformed gauge

transformation with usual coproduct rule and undeformed gauge transformation with

twisted coproduct rule. In this sense this chapter is complementary to the previous

chapter where Lagrangian analysis was performed for both the star deformed and the

twisted gauge symmetry. As a specific model, the same noncommutative Yang–Mills

action coupled to fermionic matter has been taken. The first class constraints (both

primary and secondary) of the theory are identified. The gauge generator is formed

by taking a linear combination of these first class constraints. The independent gauge

parameters are identified to write the generator in an appropriate way. The Poisson

brackets between this generator and the field variables give the star deformed gauge

transformations. Subsequently by providing a “twist” to the Poisson brackets, the twisted

gauge transformations are obtained. This twist is dictated by a novel interpretation of

the twisted coproduct of gauge transformations. We find that the twisted coproduct is

83
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the normal coproduct with the stipulation that the gauge parameter is pushed outside

the star operation at the end of all computations.

6.1 General formulation

We first give a general description of a field theoretical model defined on a canonical

noncommutative space. The results are basically appropriate star deformations of the

commutative space results.

As a starting point we recall that, the Euler–Lagrange equation of motion is derived

from the action principle by requiring the commutativity of an arbitrary δ variation with

the time differentiation i. e.

δ
d

dt
qi =

d

dt
δqi. (6.1)

In the following Hamiltonian analysis, based on [113, 114, 122], we impose this require-

ment to derive few important results.

We consider a system with a canonical Hamiltonian Hc and a set of first class con-

straints Φa ≈ 0. In general Φa includes both the primary and secondary constraints and

satisfy the following involutive Poisson algebra

{Hc,Φa(x)} =

∫
dy V b

a (x, y) ∗ Φb(y), (6.2)

{Φa(x),Φb(y)} =

∫
dz Cc

ab(x, y, z) ∗ Φc(z) (6.3)

where V and C are structure functions.

For such a system the total Hamiltonian is given by the sum of the canonical Hamil-

tonian and a linear combination of the primary first class constraints.

HT = Hc +

∫
dx va1(x) ∗ Φa1(x). (6.4)

Here va1 are Lagrange multipliers. The label a1(a1 ≤ a) denotes the primary first class

constraints while a2 is kept for the secondary sector. The Hamilton’s equations are

obtained by using (6.4)

q̇i(x) = {qi(x), HT} = {qi(x), Hc}+

∫
dy va1(y) ∗ {qi(x),Φa1(y)}. (6.5)
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The generator of the system, according to Dirac’s algorithm is a linear combination of

all the first class constraints,

G =

∫
dx εa(x) ∗ Φa(x). (6.6)

Though the number of gauge parameters appearing in the above equation is a, all of

them are not independent. In fact the number of independent ε′s is given by the number

of independent primary first class constraints (labeled by ‘a1’). To find the relations

among these parameters, we review the method of [119] which is an adaptation of the

commutative space approach discussed in[113, 114, 122].

The gauge transformation of a variable F is obtained by Poisson bracketing it with

the gauge generator G defied in (6.6)

δF (x) =

∫
dy εa(y) ∗ {F (x),Φa(y)}. (6.7)

This equation together with (6.5) yields,

δq̇i(x) =

∫
dz εa(z) ∗ {{qi(x), Hc},Φa(z)}+∫ ∫

dy dz εb(z) ∗ va1(y) ∗ {{qi(x),Φa1(y)},Φb(z)}+∫
dy δva1(y) ∗ {qi(x),Φa1(y)} (6.8)

and

d

dt
δqi(x) =

∫
dy εa(y) ∗ {{qi(x),Φa(y)}, Hc}

+

∫
dy dz εa(y) ∗ va1(z) ∗ {{qi(x),Φa(y)},Φa1(z)}

+

∫
dy

dεa

dt
(y) ∗ {qi(x),Φa(y)}. (6.9)

Equating (6.8) with (6.9) and using the Jacobi identity we get∫
dz εa(z) ∗ {{Hc,Φa(z)}, qi}

+

∫
dy dz εa(z) ∗ va1(y) ∗ {{Φa1(y),Φa(z)}, qi}

−
∫

dy δva1(y){qi,Φa1(y)}+

∫
dy

dεa(y)

dt
∗ {qi,Φa(y)} = 0. (6.10)
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Making use of the algebra (6.2) and (6.3), we write the above equation as,∫
dz (

[
dεb(z)

dt
−
∫

dy εa(z) ∗ [V b
a (z, y) +

∫
du va1(u) ∗ Cb

a1a(u, z, y)]

]
∗∂Φb(y)

∂pi

− δva1(z) ∗ ∂Φa1(z)

∂pi

) = 0.

Since the constraints are taken to be irreducible (i. e. independent) we get the following

conditions, from the secondary and primary sectors, respectively,

dεb2(x)

dt
=

∫
dy εa(y) ∗ V b2

a (y, x)

+

∫
dy dz εa(y) ∗ va1(z) ∗ Cb2

a1a(z, y, x) (6.11)

δvb1(x) =
dεb1(x)

dt
−
∫

dy εa(y) ∗ V b1
a (y, x)

−
∫

dy dz εa(y) ∗ va1(z) ∗ Cb1
a1a(z, y, x). (6.12)

The first relation expresses the fact that the gauge parameters εa are not all independent.

In fact we find that, as stated earlier, the number of independent parameters of a gauge

system is equal to the number of primary first class constraints. On the other hand, the

second equation gives the variation of the Lagrange multipliers.

6.2 Analysis for star deformed gauge symmetry

The general analysis of a gauge theory on noncommutative space is now used here for the

model (5.53) to study its Hamiltonian description. Throughout the chapter we assume

θ0i = 0 to avoid higher order time derivatives. Due to the presence of grassmanian

variables in our model (5.53), the Poisson brackets in the previous section should be

replaced by the graded brackets. The graded brackets between the fermionic variables

are given by,

{ψ̂α(x), ψ̂†β(y)} = −iδαβδ(x− y). (6.13)
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The canonical momenta of the Lagrangian (5.53),

π̂a
σ =

∂L

∂
˙̂
Aσa

= F̂ a
σ0 (6.14)

satisfy the basic Poisson bracket relation

{Âµa(x), π̂b
ν(y)} = δabδµ

ν δ(x− y) (6.15)

The zeroth component of the momenta (6.14) leads to a primary constraint

Φa
1 = π̂a

0 ≈ 0. (6.16)

The canonical Hamiltonian of the system is given by,

H =

∫
dx [

1

2
π̂ic ∗ π̂ic +

1

4
F̂ a

ij ∗ F̂ ija − (Di ∗ π̂i)a ∗ Âa
0

−i ˆ̄ψ ∗ γi∂iψ̂ + g ˆ̄ψ ∗ γµÂµ ∗ ψ̂ +m ˆ̄ψ ∗ ψ̂] (6.17)

where the operatorD∗ has already been defined in (5.86). Now using (6.15), the secondary

constraints of the system are computed

Φa
2 = {H,Φa

1} = {H, π̂a
0} = (Di ∗ π̂i)

a − gψ̂λ ∗ (T a)σλ(ψ̂
†)σ ≈ 0. (6.18)

Note that this constraint is the zeroth component of the equation of motion (5.71) ex-

pressed in phase space variables. The algebra of the Φ1 constraints is trivial,

{Φa
1(x),Φ

b
1(y)} = 0 (6.19)

{Φa
1(x),Φ

b
2(y)} = 0. (6.20)

The algebra of the constraint Φ2 with itself is also found to close. Since this calculation

involves some nontriviality, couple of intermediate steps are presented here. We write

Φa
2 = Ξa + χa (6.21)

where

Ξa = (Di ∗ π̂i)
a

= ∂iπ̂
a
i −

g

2
fabc{Âb

i , π̂
c
i}∗ + i

g

2
dabc[Âb

i , π̂
c
i ]∗

and χa = −gψ̂λ ∗ (Ξa)σλ(ψ̂
†)σ. (6.22)
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Here the star(∗) anticommutator is defined as,

{A,B}∗ = A ∗B +B ∗ A (6.23)

The graded brackets of the terms Ξa and χa separately close among themselves. Let us

show it first for Ξa[118]. Using the identity (5.99) we obtain

{∂iπ̂
a
i (x),−

g

2
f bcd{Âc

j(y), π̂
d
j (y)}∗}+ {−g

2
facd{Âc

i(x), π̂
d
i (x)}∗, ∂jπ̂

b
j(y)}

=
g

2
fabc{δ(x− y), ∂iπ̂

c
i (x)}∗ (6.24)

and

{∂iπ̂
a
i (x), i

g

2
dbcd[Âc

j(y), π̂
d
j (y)]∗}+ {ig

2
dacd[Âc

i(x), π̂
d
i (x)]∗, ∂jπ̂

b
j(y)}

= −ig
2
dabc[δ(x− y), ∂iπ̂

c
i (x)]∗ (6.25)

Exploiting the Jacobi identity

[π̂i(x), [Âi(x), T
bδ(x− y)]∗]∗ + [Âi(x), [T

bδ(x− y), π̂i(x)]∗]∗

+[T bδ(x− y), [π̂i(x), Âi(x)]∗]∗ = 0 (6.26)

the remaining terms of {Ξa(x),Ξb(y)} are written as

i

2
g2fabc{δ(x− y), [Âi, π̂i]

c
∗}∗ +

1

2
g2dabc[δ(x− y), [Âi, π̂i]

c
∗]∗. (6.27)

Combining the expressions (6.24), (6.25) and (6.27), we get the closed algebra

{Ξa(x),Ξb(y)} =
g

2
fabc{δ(x− y),Ξc(x)}∗ − i

g

2
dabc[δ(x− y),Ξc(x)]∗ (6.28)

Now to show that the graded bracket {χa(x), χb(y)} really closes we use the product rule

{A,BC} = {A,B}C + (−1)ηAηBB{A,C}
{AB,C} = A{B,C}+ (−1)ηBηC{A,C}B

(6.29)

where

η = 0 for bosonic variable and

η = 1 for fermionic variable
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The graded bracket (6.13), together with the product rule (6.29) and the identity (5.99)

allow us to compute the following bracket

{χa(x), χb(y)} =
g

2
fabc{δ(x− y), χc(x)}∗ − i

g

2
dabc[δ(x− y), χc(x)]∗. (6.30)

Combination of (6.28) and (6.30) gives the closure of Φ2,

{Φa
2(x),Φ

b
2(y)} =

g

2
fabc{δ(x− y),Φc

2(x)}∗ − i
g

2
dabc[δ(x− y),Φc

2(x)]∗. (6.31)

In the limit θ → 0 the above expression reduces to the standard commutative space result

{Φa
2(x),Φ

b
2(y)} = gfabcδ(x − y)Φc

2. The involutive algebra of the canonical Hamiltonian

with the constraints is found to be,

{Hc,Φ
a
1} = Φa

2 (6.32)

{Hc,Φ
a
2} = −g

2
fabc{Â0b,Φc

2}∗ + i
g

2
dabc[Â0b,Φc

2]∗. (6.33)

The term Cb2
a1a of (6.3) vanishes due to the algebra (6.19) and (6.20). So we simplify

(6.11) as

dεb2(x)

dt
=

∫
dy εa(y) ∗ V b2

a (y, x). (6.34)

The V function defined in (6.2) is found from the algebra (6.32) and (6.33)

(V 2
1 )ab(x, y) = δabδ(x− y), (6.35)

(V 2
2 )ab(x, y) =

g

2
fabc{δ(x− y), Â0c(y)}∗

+i
g

2
dabc[δ(x− y), Â0c(y)]∗. (6.36)

Now we write (6.34) in its expanded form as,

dε2a(x)

dt
=

∫
dy ε1b(y) ∗ (V 2

1 )ba(y, x) +

∫
dy ε2b(y) ∗ (V 2

2 )ba(y, x). (6.37)

Using (6.35) and (6.36) in the above equation we get

ε̇2a = ε1a − g

2
fabc{ε2b(x), Â0c(x)}∗ + i

g

2
dabc[ε2b(x), Â0c(x)]∗ (6.38)
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so that

ε1a = (D0 ∗ ε2)a. (6.39)

thereby eliminating ε1 in favour of ε2. This result is used in (6.6) to write the generator

in terms of the single parameter (ε2) as,

G =

∫
dx (D0 ∗ ε2)a ∗ Φa

1 + ε2a ∗ Φa
2 (6.40)

where the constraints Φ1 and Φ2 were defined in (6.16) and (6.18). After obtaining the

complete form of the generator, we can now calculate the variation of the different fields

from (6.7),

δqα(x) =

∫
dy (D0 ∗ ε2)a(y) ∗ {qα(x),Φa

1(y)}

+

∫
dy ε2a(y) ∗ {qα(x),Φa

2(y)}. (6.41)

Let us first study the gauge transformation of the field Âµ. The variation of its time

component is

δÂa
0(x) =

∫
dy (D0 ∗ ε2)b(y) ∗ {Âa

0(x), π̂
b
0(y)}

=

∫
dy (D0 ∗ ε2)b(y)δab ∗ δ(x− y)

=

∫
dy (D0 ∗ ε2)a(y)δ(x− y)

= (D0 ∗ ε2)a (6.42)

where we have used the identity (5.45). The variation of the space component is likewise

given by,

δÂa
i (x) =

∫
dy ε2b(y) ∗ {Âa

i (x),Dj ∗ π̂b
j(y)}

=

∫
dy ε2b(y) ∗ (−∂y

i δ(x− y)δab +
g

2
f bca{Âc

i(y), δ(x− y)}∗

−ig
2
dbca[Âc

i(y), δ(x− y)]∗).
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Now dropping the boundary term and using the cyclicity property (5.46) we write the

above expression as

δÂa
i (x) = ∂iε

2a − g

2
fabc{Âb

i , ε
2c}∗ + i

g

2
dabc[Âb

i , ε
2c]∗

= (Di ∗ ε2)a(x). (6.43)

Combining (6.42) and (6.43) we obtain,

δÂa
µ = (Dµ ∗ ε2)a (6.44)

thereby reproducing (5.54) with the identification ε2 → α̂. In a likewise manner the gauge

transformation of the matter fields are also obtained,

δψ̂α(x) = −igε2a(x) ∗ (T a)αβ ψ̂β(x). (6.45)

δ ˆ̄ψα(x) = ig (T a)βα
ˆ̄ψβ(x) ∗ ε2a(x) (6.46)

which reproduces (5.56) and (5.57).

It is also possible to compute the gauge variations of star composites in the same way.

For example,

δ(ψ̂α(x) ∗ ψ̂β(x)) =

∫
dy ε2a(y) ∗ {ψ̂α(x) ∗ ψ̂β(x),Φ2a(y)}

= ig

∫
dy (T a)βλε

2a(y) ∗ ψ̂λ(y) ∗ ψ̂α(x) ∗ δ(x− y)

−ig
∫

dy (T a)αλε
2a(y) ∗ ψ̂λ(y) ∗ δ(x− y) ∗ ψ̂β(x).

Using the identity (5.99) the argument of ψ̂α in the first integral and that of ψ̂β in the

second integral is shifted from x to y so that star product is defined only at the same

point (y). Finally, using (5.45) and (5.46), and keeping in mind the grassmanian nature

of the fermionic field we get

δ(ψ̂α ∗ ψ̂β) = −ig
(
(T a)βλψ̂α ∗ ε2a ∗ ψ̂λ + (T a)αλε

2a ∗ ψ̂λ ∗ ψ̂β

)
. (6.47)

This is the result one also finds by using (6.45) and the standard coproduct rule,

δ(ψ̂α ∗ ψ̂β) = (δψ̂α) ∗ ψ̂β + ψ̂α ∗ (δψ̂β) (6.48)

= −ig
(
ε2a(T a)αλ ∗ ψ̂λ ∗ ψ̂β + ψ̂α ∗ ε2a(T a)βλ ∗ ψ̂λ

)
. (6.49)
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Likewise, other star composites can be treated identically. This completes the Hamil-

tonian analysis of star deformed gauge symmetry. Note that the standard coproduct

rule (5.58) is necessary for the invariance of the action as well as the consistency of the

analysis.

6.3 Analysis for twisted gauge symmetry

So far we were discussing about the star deformed gauge transformation from a general

Hamiltonian formulation which obeys the normal coproduct rule (5.58). But as discussed

in the previous chapter the action (5.53) is also invariant under the undeformed gauge

transformations (5.59–5.62) with the twisted coproduct rule (5.63).

In fact from (5.63), the twisted gauge variation of the composite fields (Âµ ∗ Âν) was

found in (5.116) to finally deduce δα̂F̂µν .

The gauge variation of the other star composites are similarly computed from (5.63),

δα̂(Âµ ∗ ψ̂) = (∂µα̂)ψ̂ − igα̂(Âµ ∗ ψ̂) (6.50)

δα̂(φ̂ ∗ ψ̂) = −igα̂a
(
(T aφ̂) ∗ ψ̂ + φ̂ ∗ (T aψ̂)

)
. (6.51)

It is noteworthy that not only the gauge transformations of the basic fields but also the

transformation rules for the star products of variables are identical to the corresponding

undeformed relations.

We now present an alternative interpretation of the twisted coproduct rule (5.63).

The results (5.116), (6.50), (6.51) are seen to follow by using the standard coproduct rule

(5.58) but pushing the gauge parameter α̂ outside the star operation at the end of the

computations. Denoting this manipulation as,

δα̂(A ∗B) ∼ (δα̂A) ∗B + A ∗ (δα̂B) (6.52)

we find

δα̂(φ̂ ∗ ψ̂) ∼ (δα̂φ̂) ∗ ψ̂ + φ̂ ∗ (δα̂ψ̂) (6.53)

∼ −ig(α̂φ̂) ∗ ψ̂ − igφ̂ ∗ (α̂ψ̂) (6.54)

= −igα̂a{(T aφ̂) ∗ ψ̂ + φ̂ ∗ (T aψ̂)} (6.55)
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which reproduces (6.51). Likewise we see,

δα̂(Âµ ∗ ψ̂) ∼ (δα̂Âµ) ∗ ψ̂ + Âµ ∗ (δα̂ψ̂)

∼ (∂µα̂− igα̂a[T a, Âµ]) ∗ ψ̂ + Âµ ∗ (−igα̂aT aψ̂)

= ∂µα̂ψ̂ − igα̂a([T a, Âµ] ∗ ψ̂)− igα̂a(Âµ ∗ T aψ̂)

= ∂µα̂ψ̂ − igα̂(Âµ ∗ ψ̂) (6.56)

which reproduces (6.50).

We now suitably modify the Hamiltonian formulation of the previous section to sys-

tematically obtain the undeformed gauge transformations (5.59–5.62) as well as the re-

lations (5.116), (6.50), (6.51) manifesting the twisted Leibniz rule. As far as the gauge

generator is concerned the analysis is similar to the previous case and the same expres-

sion (6.40) is obtained. This is not unexpected since the Gauss constraint defining the

generator is basically the time component of the field equations which are identical in

both treatments. The difference can come only through the computation of the relevant

Poisson brackets that lead to the gauge transformations. In our interpretation the twisted

coproduct is just the standard coproduct with the proviso that the gauge parameter is

pushed outside the star operation at the end of the computations. This motivates us to

adopt a similar prescription for computing the modified Poisson brackets.

The gauge variation of the time component of Âµ field is found by suitably Poisson

bracketing with (6.40) (renaming ε2 as α̂),

δα̂Â
a
0(x) =

∫
dy (D0 ∗ α̂)b(y) ∗ {Âa

0(x), π̂
b
0(y)}

∼
∫

dy (D0 ∗ α̂)b(y)δab ∗ δ(x− y)

∼
∫

(dy ∂0α̂
a − g

2
fabc{Âb

0, α̂
c}∗ + i

g

2
dabc[Âb

0, α̂
c]∗)(y) ∗ δ(x− y)

= ∂0α̂
a − gfabcÂb

0α̂
c (6.57)

where in the last step we put α̂ outside the star product following our prescription. The
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variation of the space component is also calculated in a similar way

δα̂Â
a
i (x) =

∫
dy α̂b(y) ∗ {Âa

i (x),Dj ∗ π̂b
j(y)}

∼
∫

dy α̂b(y) ∗ (−∂y
i δ(x− y)δab +

g

2
f bca{Âc

i(y), δ(x− y)}∗

−ig
2
dbca[Âc

i(y), δ(x− y)]∗)

∼
∫

dy α̂a(y) ∗ (−∂y
i δ(x− y)) +

g

2
f bca(α̂b(y) ∗ Âc

i(y) ∗ δ(x− y) + α̂b(y) ∗ δ(x− y) ∗ Âc
i(y))

−ig
2
dbca(α̂b(y) ∗ Âc

i(y) ∗ δ(x− y)− α̂b(y) ∗ δ(x− y) ∗ Âc
i(y)).

Now dropping the boundary term, using the relation (5.45) and the cyclicity property

(5.46) we write the above expression as

δα̂Â
a
i (x) ∼ ∂iα̂

a(x) +

g

2
f bca(α̂b(x) ∗ Âc

i(x) + Âc
i(x) ∗ α̂b(x))

−ig
2
dbca(α̂b(x) ∗ Âc

i(x)− Âc
i(x) ∗ α̂b(x)).

Finally, keeping the gauge parameter α̂ outside the star product we obtain

δα̂Â
a
i (x) = ∂iα̂

a − gfabcÂb
i α̂

c. (6.58)

Combining (6.57) and (6.58) we write the gauge variation in a covariant notation

δα̂Â
a
µ = (Dµα̂)a. (6.59)

The gauge variation of the fermionic field can be obtained in a similar way

δα̂ψ̂α(x) = −igα̂a(x) (T a)αβ ψ̂β(x) (6.60)

δα̂
ˆ̄ψα(x) = ig (T a)βα

ˆ̄ψβ(x)α̂a(x). (6.61)
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The calculation of the gauge variation of composite fields needs some care. For example,

consider the variation δα̂(Âµ ∗ ψ̂),

δα̂(Â0(x) ∗ ψ̂(x)) = T aδα̂(Âa
0(x) ∗ ψ̂(x))

∼ T a

∫
dy (D0 ∗ α̂b)(y) ∗ {Âa

0(x) ∗ ψ̂(x), π̂b
0(y)}+

T b

∫
dy α̂c(y) ∗ {Âb

0(x) ∗ ψ̂(x),−gψ̂(y) ∗ (T c)ψ̂†(y)}

∼ T a

∫
dy (D0 ∗ α̂a)(y) ∗ δ(x− y) ∗ ψ̂(x)

−igT b

∫
dy α̂c(y) ∗ T cψ̂(y) ∗ Âb

0(x) ∗ δ(x− y). (6.62)

As mentioned earlier, the star product for two functions is defined only at the same

spacetime point. So using the identity (5.99) we change the argument of ψ̂ and Âb
0 from

x to y to obtain

δα̂(Â0(x) ∗ ψ̂(x)) ∼ T a

∫
dy (D0 ∗ α̂a)(y) ∗ ψ̂(y) ∗ δ(x− y)

−igT b

∫
dy α̂c(y)T c ∗ ψ̂(y) ∗ δ(x− y) ∗ Âb

0(y). (6.63)

Using the properties (5.45), (5.46) and finally removing the gauge parameter α̂ outside

the star product we obtain

δα̂(Â0 ∗ ψ̂) = T a(∂0α̂
aψ̂ − gfabcα̂c(Âb

0 ∗ ψ̂))− igT bT cα̂c(Âb
0 ∗ ψ̂). (6.64)

Following the symmetry algebra (5.66,5.67) we write the above result as

δα̂(Â0 ∗ ψ̂) = T a(∂0α̂
aψ̂ − gfabcα̂c(Âb

0 ∗ ψ̂))

−igT aα̂c(Âb
0 ∗ ψ̂)(

1

2
dbca +

i

2
f bca) (6.65)

= T a(∂0α̂
aψ̂) + gT aα̂c(Âb

0 ∗ ψ̂)(− i
2
dbca +

1

2
f bca). (6.66)

The space part is also obtained in a similar way

δα̂(Âi ∗ ψ̂) = T a(∂iα̂
aψ̂) + gT aα̂c(Âb

i ∗ ψ̂)(− i
2
dbca +

1

2
f bca). (6.67)

Expressions (6.66, 6.67) are basically the time and space component of the equation

(6.50). The gauge variations of the other composites are computed in the same way

reproducing the results (5.116), (6.51) obtained by using the twisted coproduct rule.
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6.4 Discussion

We have studied a Hamiltonian formulation of gauge symmetry on canonical noncommu-

tative space. The gauge generator, obtained in this formulation, is same for two different

gauge transformations. It reproduced star deformed gauge transformations with a normal

coproduct as well as undeformed gauge transformations with a twisted coproduct. This

was based on an appropriate interpretation of computing the Poisson brackets that led

to the gauge transformations. Some examples were worked out explicitly.

Our analysis provided a new interpretation of the twisted coproduct rule. It was found

that the twisted coproduct was equivalent to the normal coproduct with the condition

that the gauge parameter had to be taken outside the star operation at the end of the

computations. This interpretation keeps the twisted gauge transformation identical to the

corresponding commutative space gauge transformations even for the composite fields.

As mentioned in the previous chapter, recent study[45, 46, 49] stressed that twisted

symmetry is not a physical symmetry at all. It is quite different from the usual gauge

transformations, in the sense that twisted transformations do not act only on fields.

Nevertheless we were successful in suitably defining gauge generators and transformations.

This was quite reassuring since for a genuine symmetry (twisted or otherwise), a generator

must be appropriately defined from which transformation rules of the field variables can

be obtained.



Chapter 7

Noncommutative gravity

Field theories formulated on a noncommutative space include an intrinsic length scale

which is supposed to be of the order of Planck length. Construction of a noncommu-

tative general theory of relativity which is considered to be a necessity for quantizing

gravity[123] remains an open subject. There are many approaches to this problem. In

[47] a deformation of Einstein’s gravity was studied using a construction based on gauging

the noncommutative SO(4, 1) de Sitter group and applying the Seiberg – Witten map

[26] with subsequent contraction to ISO(3, 1). Construction of a noncommutative grav-

itational theory was also based on a twisted diffeomorphism algebra [48, 124]. In these

approaches physical symmetries such as general covariance and local Lorentz invariance

are difficult to interpret. There is a formulation called minimal formulation of noncommu-

tative gravity where physical symmetries are restored [125] by taking a class of restricted

coordinate transformations that preserve the canonical noncommutative algebra. This

restriction corresponds to the theory of unimodular gravity [126, 127, 128, 129, 130] where

only volume preserving diffeomorphism is considered. Similar discussion for a covariantly

constant θ is given in [131].

A remarkable feature is that there is no first order correction for various theories of

noncommutative gravity for constant θ[47, 48, 132]. Nontrivial contribution starts from

the second order term [47, 48, 133]. Since the discussions of noncommutative gravity

are mostly performed on the canonical noncommutative spacetime (5.37) the question

that naturally appears is whether the vanishing of the order θ correction is due to this

restriction. Perhaps a more general noncommutative structure might lead to order θ

97
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effects.

In this chapter, instead of taking a constant θµν we take the noncommutative param-

eter in the Lie algebraic form

[x̂µ, x̂ν ] = iθµν(x̂) = iθ`µν
λx̂

λ (7.1)

where the structure constant `µν
λ is antisymmetric in all the three indices and the con-

stant θ is a measure of noncommutativity. We carry out our analysis in the frame-

work of the tetrad formalism. Here general coordinate invariance is viewed as a local

symmetry implemented by the tetrad as the gauge field along with the local Lorentz

invariance (SO(3, 1)) generated by the spin connection fields. Since this formalism is

closely related to the usual gauge theory one can use the results of noncommutative

gauge theory[26, 40, 41, 42] in the context of noncommutative gravity. The Seiberg –

Witten map [26] can be used to cast the theory of noncommutative gravity as a pertur-

bative theory in the noncommutative parameter θ. Such maps have been exhaustively

available for the canonical structure [42, 134, 135, 136]. Maps for the gauge field in a

general noncommutative space have been given in [137] without giving the map for the

field strength tensor. In fact defining a field strength tensor in a general noncommutative

space is not obvious. So we develop the appropriate maps for the gauge field and the

field strength tensor in the Lie – algebra valued noncommutative space.

In section – 7.1 the class of the general coordinate transformations consistent with the

algebra (7.1) is discussed. In the next section we construct the Seiberg–Witten maps for

the gauge potentials and field strength tensors valid for the Lie algebraic noncommutativ-

ity. Using these maps noncommutative gravity is reduced to an equivalent commutative

theory in section – 7.3. We show that there is no first order correction in the action of

noncommutative gravity, exactly as happens for canonical (constant) noncommutativity.
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7.1 General coordinate transformation in noncom-

mutative space

The formulation of gravity on noncommutative space time poses problems. This is seen

by considering the general coordinate transformation,

x̂µ → x̂′µ = x̂µ + ξ̂µ(x̂) (7.2)

and realizing that, for arbitrary ξ̂µ(x̂), it is not compatible with the algebra (7.1). However

it is possible to find a restricted class of coordinate transformations (7.2) which preserves

the algebra (7.1). Before demonstrating this point let us define the star product for the

Lie algebra valued coordinate dependent noncommutative structure.

The structure of (5.40) remains unchanged for the Lie algebraic noncommutativity.

We write the product of exponentials in the following way,

eikλx̂λ

eipλx̂λ

= ei{kλ+pλ+ 1
2
gλ(k,p)}x̂λ

. (7.3)

Using the Baker-Campbell-Hausdorff formula (5.41), an explicit form of gλ(k, p) is ob-

tained for the coordinates x̂µ satisfying (7.1)

gλ(k, p) = −θkµpν`
µν

λ +
1

6
θ2kµpν(pσ − kσ)`µν

δ`
δσ

λ

+
1

24
θ3(pσkβ + kσpβ)kµpν`

µν
δ`

δσ
α`

αβ
λ + ... (7.4)

Following the same method discussed in chapter 5, the star product between two functions

is written as

f(x) ∗ g(x) = e
i
2
xλgλ(i ∂

∂x
,i ∂

∂y
)f(x)g(y)|y→x (7.5)

Now we can replace the operator product between two noncommutative variables by

the ∗ product (7.5) between the corresponding commutative variables. Thus using (7.2)

in (7.1) we get

[x′µ, x′ν ]∗ = [xµ, xν ]∗ + [xµ, ξ̂ν(x)]∗ + [ξ̂µ(x), xν ]∗ +O(ξ̂2). (7.6)
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Using the formula (7.5) one derives the following relation[40],

[xµ, f(x)]∗ = iθ`µν
λx

λ ∂f

∂xν
. (7.7)

It is then straightforward to find, using (7.7), that in order to preserve (7.1), ξµ must

satisfy the condition,

iθ`µσ
λx

λ ∂ξ̂
ν

∂xσ
− iθ`νσ

λx
λ ∂ξ̂

µ

∂xσ
= iθ`µν

λξ̂
λ(x). (7.8)

A nontrivial solution of the above equation is given by,

ξ̂µ(x) = `µα
βx

β∂αg(x). (7.9)

This can be checked by using the Jacobi identity following from (7.1)

`µν
σ`

σλ
δ + `νλ

σ`
σµ

δ + `λµ
σ`

σν
δ = 0. (7.10)

Equation (7.9) gives the restricted class of general coordinate transformations under

which the noncommutative algebra (7.1) is preserved. From (7.9) we find that

∂µξ̂
µ(x) = 0.

The Jacobian of the transformations (7.2) is then unity which means the transforma-

tions are volume preserving. Thus the theory belongs to the noncommutative version of

unimodular gravity.

7.2 Seiberg-Witten map for Lie algebraic noncom-

mutativity

The Seiberg – Witten maps for the non-Abelian noncommutative gauge fields where the

noncommutative coordinates satisfy the canonical algebra are elaborately worked out in

the literature [26, 40, 41, 42, 134, 135, 136]. But the corresponding results for Lie algebraic

noncommutative structure are only sketched [40, 41, 137]. Here we give a comprehensive

analysis where the results are valid upto first order in θ.
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In the commutative space, for non-Abelian gauge theory, the matter field ψ(x) and

the gauge potential Aµ(x) transform as,

δαψ(x) = iα(x)ψ(x), α = αaT
a (7.11)

and

δαAµ(x) = ∂µα(x) + i[α(x), Aµ(x)]. (7.12)

The commutator of two gauge transformations is another gauge transformation

(δαδβ − δβδα)ψ(x) = δ−i[α,β]ψ(x) (7.13)

In the noncommutative space, on the other hand, the closure (7.13) does not hold [40]

within the Lie algebra but is satisfied in the enveloping algebra. Thus the noncommuta-

tive field ψ̂(x) transforms as[41]

δαψ̂(x̂) = iα̂(x̂)ψ̂(x̂) (7.14)

which is written in * product formalism as

δαψ̂(x) = iα̂(x) ∗ ψ̂(x) (7.15)

Note that the structure of this equation is same as the star deformed gauge transformation

((5.56) with g = −1) for canonical noncommutativity. We use the notation δα instead of

δ for later convenience. Throughout the chapter we shall not consider the other type of

gauge transformation, namely the twisted gauge transformation.

Here the gauge parameter α̂(x) is in the enveloping algebra [41] similar to (5.64)

α̂(x) = α̂a(x) : T a : +α̂1
ab(x) : T aT b : +...+ α̂n−1

a1...an
(x) : T a1 ...T an : +... (7.16)

All these infinitely many parameters α̂n−1
a1...an

(x) depend only on the commutative gauge

parameter α(x), the gauge potential Aµ(x) and on their derivatives. We denote this as

α̂ ≡ α̂(α(x), A(x)). Then it follows from (7.15) that the variation of ψ̂ is expressed as

δαψ̂(x) = iα̂(α(x), A(x)) ∗ ψ̂(x). (7.17)
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Now we impose the requirement of closure,

(δαδβ − δβδα)ψ̂(x) = δ−i[α,β]ψ̂(x). (7.18)

Then the above equation is written in the explicit form

iδαβ̂(β,A)− iδβα̂(α,A) + α̂(α,A) ∗ β̂(β,A)− β̂(β,A) ∗ α̂(α,A)

= i(−̂i[α, β])(−i[α, β], A). (7.19)

Expanding α̂ in θ

α̂(α,A) = α+ θα1(α,A) +O(θ2) (7.20)

we obtain up to first order,

iδαβ
1(β,A)− iδβα

1(α,A) + [α, β1(β,A)]− [β, α1(α,A)]

−i(−i[α, β])1(−i[α, β], A) = − i
2
fµν

λx
λ{∂µα, ∂νβ}. (7.21)

The solution is given by

θα1(α,A) =
1

4
θµν{∂µα,Aν} (7.22)

where θµν was defined in (7.1).

The noncommutative gauge potential Âµ is most naturally introduced by the covariant

coordinate X̂µ [40]. It is defined in the following way

X̂µ(x̂) = x̂µ + Âµ(x̂) (7.23)

which, acting on ψ̂, transforms covariantly[41], i.e.

δα
(
X̂µ(x̂)ψ̂(x̂)

)
= iα̂(x̂)X̂µ(x̂)ψ̂(x̂). (7.24)

This requirement together with (7.14) fixes the transformation of X̂µ

δαX̂
µ = i[α̂, X̂µ]. (7.25)
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Since gauge transformation does not act on the coordinates,

δαx̂
µ = 0 (7.26)

we get from (7.23) and (7.25)

δαÂ
µ(x̂) = −i[x̂µ, α̂(x̂)] + i[α̂(x̂), Âµ(x̂)]. (7.27)

In the star product formalism

δαÂ
µ(x) = −i[xµ, α̂(x)]∗ + i[α̂(x), Âµ(x)]∗ = θµρ ∂

∂xρ
α̂+ i[α̂(x), Âµ(x)]∗. (7.28)

The gauge potential Âµ is defined through Âµ in the following way[42]

Âµ = θµρÂρ. (7.29)

Since θµρ is not a constant it is not possible to find the transformation of Âµ in closed

form. We give the result correct upto first order.

δαÂµ = ∂µα̂+ i[α̂, Âµ]− 1

2
θλσ{∂λα̂, ∂σÂµ} −

1

2
θµαθ

λσ∂σθ
αβ{∂λα̂, Âβ} (7.30)

where θµα is the inverse of θµα i. e. θµαθ
ασ = δσ

µ .

To get the Seiberg – Witten map for the gauge potential we expand it in a perturbative

series in θ

Âµ(A) = Aµ + θA1
µ(A) +O(θ2). (7.31)

Computing the gauge transformation of Âµ from the above equation (using (7.12)) and

comparing with (7.30) we get

δαA
1
µ(A) = ∂µα

1(α,A) + i[α1(α,A), Aµ] + i[α,A1
µ(A)]− 1

2
f νλ

δx
δ{∂να, ∂λAµ}. (7.32)

The solution to the last equation is

θA1
µ(A) = −1

4
θνλ{Aν , ∂λAµ + Fλµ} −

1

4
θµνθ

λσ∂σθ
νδ{Aλ, Aδ} (7.33)
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where,

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ]. (7.34)

Combining (7.31) and (7.33) we get the map for the gauge potential

Âµ(A) = Aµ −
1

4
θνλ{Aν , ∂λAµ + Fλµ} −

1

4
θµνθ

λσ∂σθ
νδ{Aλ, Aδ}. (7.35)

Note that in the case of constant θ the last term on the r.h.s. vanishes and one gets back

the usual Seiberg–Witten map[26].

In order to construct the map for the Yang – Mills field F̂µν we first define a second

rank tensor

F̂ µν(x̂) = −i
(
[X̂µ(x̂), X̂ν(x̂)]− iθ`µν

λX̂
λ(x̂)

)
.

or equivalently

F̂ µν(x) = −i
(
[xµ, Âν(x)]∗ − [xν , Âµ(x)]∗ + [Âµ(x), Âν(x)]∗ − iθ`µν

λÂ
λ(x)

)
(7.36)

which transforms covariantly

δαF̂
µν = i[α̂, F̂ µν ]∗. (7.37)

Now we define the Yang – Mills F̂µν through

F̂ µν = θµλθνσF̂λσ. (7.38)

From (7.36), we get the following expression for F̂µν ,

F̂µν = ∂µÂν − ∂νÂµ − i[Âµ, Âν ] +
1

2
θλσ{∂λAµ, ∂σAν}

+
1

2
θλσθµαθνβ∂λθ

αη∂σθ
βδ{Aη, Aδ}+

1

2
θλσθµα∂λθ

αη{Aη, ∂σAν}

+
1

2
θλσθνβ∂σθ

βδ{∂λAµ, Aδ}+O(θ2). (7.39)

The gauge transformation of F̂µν is obtained from (7.37) and (7.38) as,

δαF̂µν = i[α̂, F̂µν ]−
1

2
θλσ{∂λα̂, ∂σF̂µν} −

1

2
θλσθµαθνβ∂σ(θαηθβδ){∂λα̂, F̂ηδ}. (7.40)
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The gauge transformation of F̂µν can also be obtained from its definition (7.39) and the

gauge transformation (7.30) of Âµ. These are found to be identical.

Using the map of Âµ in (7.39) we obtain the map for the field strength tensor F̂µν . It

is given by

F̂µν = Fµν +
1

2
θλσ{Fµλ, Fνσ} −

1

4
θλσ{Aλ, (∂σ +Dσ)Fµν}

+
1

2
θνλθ

βσ∂σθ
αλ{Fµα, Aβ} −

1

2
θµλθ

βσ∂σθ
αλ{Fνα, Aβ} (7.41)

where the commutative space covariant derivative was defined in the adjoint representa-

tion (5.59). Here also for constant θ the map for F̂µν (7.41) reproduces the corresponding

well known Seiberg–Witten map[26].

7.3 Noncommutative gravity

In the framework of Poincaré gauge gravity, the noncommutative gauge transformation is

now decomposed into two generators- one is the generator of inhomogeneous translation

pµ and the other is the generator of the local Lorentz algebra Σab

Λ̂(x̂) = ξ̂µ(x̂)pµ +
1

2
λ̂ab(x̂)Σab. (7.42)

Here ξ̂µ is the local translation of the tetrad which must be restricted to the form given

in equation (7.9) in order to preserve the noncommutative algebra (7.1). The parameters

λ̂ab(x̂) characterize the local Lorentz transformations at x̂. We consider the following

vector representation of these generators for future calculation.

[Σcd]ab = ηacηbd − ηadηbc. (7.43)

where ηab is the Minkowski metric,

ηab = diag(−,+,+,+) (7.44)

As is usual we denote the general coordinates by the Greek indices and components with

respect to the tetrad by Latin indices. Corresponding to the noncommutative gauge

transformations (7.42) we introduce the gauge potential

Âa(x̂) = (D̂a) = iÊµ
a (x̂)pµ +

i

2
ω̂ bc

a (x̂)Σbc (7.45)
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where Eµ
a (x̂) are the components of the noncommutative tetrad Êa which are also the

gauge fields corresponding to general coordinate transformations and ω̂ bc
a (x̂) are the

spin connection fields associated with local Lorentz invariance. Since pµ = −i∂µ, the

noncommutative tetrad maps trivially on the commutative one [125]. Assuming the

gauge transformations and the spin connection fields in the enveloping algebra we write

Λ̂ = Λ(x) + Λ(1)(x, ωa) +O(θ2) (7.46)

ω̂a = ωa(x) + ω(1)
a (x, ωa) +O(θ2) (7.47)

where

Λ(x) = ξ(x)pµ +
1

2
λab(x)Σab (7.48)

ωa(x) =
1

2
ω bc

a Σbc (7.49)

Invoking the results (7.22,7.33) obtained in the last section we write down the order θ

corrections,

Λ(1) =
1

4
θab{∂aΛ, ωb} (7.50)

ω(1)
a = −1

4
θbc{ωb, ∂cωa + Fca} −

1

4
θabθ

cd∂dθ
be{ωc, ωe} (7.51)

The field strength tensor can also be expanded in a power series of θ and we obtain from

(7.41)

F̂ab = Fab + F
(1)
ab +O(θ2) (7.52)

where,

F
(1)
ab =

1

2
θcd{Fac, Fbd} −

1

4
θcd{ωc, (∂d +Dd)Fab}

+
1

2
θbcθ

de∂eθ
fc{Faf , ωd} −

1

2
θacθ

de∂eθ
fc{Fbf , ωd}. (7.53)
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The field strength Fab in general contains both Riemann tensor R cd
ab and the torsion

T c
ab . Setting the classical torsion to be zero we get

Fab =
1

2
R cd

ab Σcd. (7.54)

The noncommutative Riemann Tensor R̂ cd
ab (x̂) is obtained from

R̂ab(x̂) =
1

2
R̂ cd

ab (x̂)Σcd (7.55)

where R̂ab is identified with F̂ab under the condition of zero torsion. Explicitly

R̂ab = Rab +R
(1)
ab +O(θ2) (7.56)

where the O(θ) correction term is obtained from (7.53) as,

R
(1)
ab =

1

2
θcd{Rac, Rbd} −

1

4
θcd{ωc, (∂d +Dd)Rab}

+
1

2
θbcθ

de∂eθ
fc{Raf , ωd} −

1

2
θacθ

de∂eθ
fc{Rbf , ωd}. (7.57)

The Ricci tensor R̂ c
a = R̂ bc

ab and the Ricci scalar R̂ = R̂ ab
ab are formed to construct the

action

S =

∫
d4x

1

2κ2
R̂(x̂) (7.58)

=

∫
d4x

1

2κ2

(
R(x) +R(1)(x)

)
+O(θ2). (7.59)

The first order correction term to the Lagrangian is

R(1)(x) = R
(1)ab
ab = [R

(1)
ab ]ab. (7.60)

It is convenient to arrange the correction as

[R
(1)
ab ]ab = R1 +R2 +R3 +R4. (7.61)

where R1, ...,R4 correspond to the contributions coming from the four pieces appearing

on the r.h.s. of (7.57) in the same order. It is now simple to get the first term,

R1 = 2θcd[R a
acg R

bg
bd +R b

ac gR
ga

bd ]. (7.62)
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For evaluating R2 we first compute the part containing the covariant derivative

[(∂d +Dd)Rab]
e
f = 2∂dR

e
ab f − i[ωd, Rab]

e
f (7.63)

where we have used the expression (5.59) for the covariant derivative Dd. Then the second

correction term becomes

R2 = −θcd

[
1

2
(ω aj

c ∂dR
b

abj − ω aj
c ∂dR

b
ba j)

]
+
i

4
θcdω ab

c

[
ω g

db R
j

ajg +R g
bja ω

j
dg + ω jg

d Rjbga +R jg
ja ωdgb

]
. (7.64)

Exploiting the various symmetries of the Riemann tensor, spin connection and the non-

commutative structure θab we can easily show that both R1 and R2 individually vanish.

Now the last two terms on the r.h.s. of (7.61) are

R3 =
1

2
θjkθ

nl∂lθ
mk[ω ab

n R j
amb + ω aj

n R i
im a] (7.65)

and

R4 = −1

2
θikθ

nl∂lθ
mk[ω ai

n R j
jm a + ω ab

n R i
amb ]. (7.66)

Clearly these terms owe their existence to the Lie – algebraic noncommutativity assumed

in the present work. Most significantly

R3 +R4 = 0 (7.67)

identically, which can be demonstrated easily by changing dummy variables in any one

of the terms on the l.h.s. We thus find that the first order correction of the Ricci scalar

vanishes for the Lie algebraic noncommutativity.

7.4 Discussion

We have constructed a noncommutative gravity theory where the spacetime satisfy a

general Lie algebra. A set of general coordinate transformations has been found which

keeps the noncommutative algebra covariant. This restricted transformation is volume
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preserving and hence the corresponding theory of gravity is a unimodular theory[126,

127, 128, 129, 130]. Our formulation of noncommutative general relativity is based on

Poincaré gauge gravity approach where each spacetime point is associated with a set of

local inertial coordinates, mutually related by Lorentz transformation. Looking from the

point of view of noncommutative field theories the problem reduces to solving a noncom-

mutative Yang–Mills theory where the gauge group is ISO(3, 1). The Seiberg–Witten

maps for the noncommutative gauge parameters, potential and field strengths have been

worked out in detail. Using these results we have expanded the noncommutative Ricci

scalar in the powers of the noncommutative parameter. The first order noncommutative

correction is found to vanish. This result was previously known for the canonical noncom-

mutative algebra [47, 48, 132]. Here we see that the same result holds for Lie algebraic

noncommutativity. From the present analysis it is clear that the nonexistence of the O(θ)

correction is due to various symmetries of the Riemann tensor and the spin connection of

the zero order theory. Thus it appears that the vanishing of the first order correction is

a general result which is perhaps due to the inherent symmetries of the spacetime itself.





Chapter 8

Conclusions

The main purpose of this thesis was to study different noncommutative theories and the

symmetries associated with them. In the second chapter we have shown how phase space

noncommutativity emerges in a planar quantum mechanical problem, namely the gen-

eralized Landau problem. The noncommutativity in the coordinates or in the momenta

was described as a dual aspect of the same phenomenon. We have adopted two different

methods, the Batalin–Tyutin embedding technique and the doublet splitting approach

to show this duality.

In the next chapter we had studied the gravitational quantum well problem in a

constant noncommutative phase space setting. By making proper transformations we

mapped the problem on the commutative space to find the energy spectrum. The results

were then compared with experimental data to give an upper bound on the noncommu-

tative parameter. Our analytical findings agreed with the results previously obtained by

numerical method.

The issues related to the space time symmetry for noncommutative spaces had been

discussed in chapter 4. Both nonrelativistic and relativistic examples were considered.

The deformed Schrödinger generators for the canonical noncommutativity and the de-

formed Poincaré-conformal generators for the Snyder type noncommutativity were ob-

tained. The deformed generators which satisfy the standard commutative space algebra

were derived, in either case, both by an algebraic approach and by a dynamical approach.

These two approaches were shown to be consistent.
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In the next two chapters we had studied the gauge symmetries of noncommutative

field theory. As a specific model noncommutative Yang–Mills theory was taken to analyze

both the star deformed gauge transformation and the twisted gauge transformation. In

the Lagrangian analysis the gauge generators were found to be different for two different

gauge symmetries. On the other hand, in the Hamiltonian analysis, the generator was

identical in either case. The gauge transformations of the fields were obtained from the

computations of Poisson brackets which were different for two different gauge symmetries.

In chapter 7, Seiberg–Witten maps were used to write the action for Lie algebraic

noncommutative gravity in terms of commutative variables. The noncommutative cor-

rection appeared as a perturbative expansion in the noncommutative parameter. By

explicit computation we had shown that the leading order correction was zero.

Thus in this thesis we studied different aspects of noncommutativity in quantum

mechanics, field theory and gravity. Symmetry analysis played an important role in

this study. We analyzed deformations of usual symmetries like the external space time

symmetry and the internal gauge symmetry in the noncommutative theories. Here the

usual methods of analyzing commutative space theories were appropriately generalized

to study the noncommutative theories. It was reassuring that in the limit of vanishing

noncommutative parameter the theories reduced smoothly to their commutative versions.

In this way we saw that the noncommutative theories had many novel properties and this

subject can be approached as a consistent theory of physics.
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